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Lithium-ion (Li-ion) batteries are critically important for portable electronics, 
electric vehicles, and grid-level energy storage. The development of next-generation Li-
ion batteries requires high-capacity electrodes with a long cycle life. However, the high 
capacity of Li storage is usually accompanied by large volume changes, dramatic 
morphological evolution, and mechanical failures in the electrodes during charge and 
discharge cycling. To understand the degradation of electrodes and resulting loss of 
capacity, this thesis aims to develop mechanistic-based models for predicting the chemo-
mechanical processes of lithiation and delithiation in high-capacity electrode materials. 
To this end, we develop both continuum and atomistic models that simulate mass 
transport, interface reaction, phase and microstructural evolution, stress generation and 
damage accumulation through crack or void formation in the electrodes. The modeling 
studies are tightly coupled with in-situ transmission electron microscopy (TEM) 
experiments to gain unprecedented mechanistic insights into electrochemically-driven 
structural evolution and damage processes in high-capacity electrodes. Our models are 
successfully applied to the study of the two-phase lithiation and associated stress 
generation in both crystalline and amorphous silicon anodes, which have the highest 
known theoretical charge capacity, as well as the lithiation/sodiation-induced structural 
changes and mechanical failures in silicon-based multilayer electrodes. The modeling 
studies have uncovered unexpected electrochemical reaction mechanisms and revealed 
novel failure modes in silicon-based nanostructured anodes. Our modeling research 




retention in Li-ion batteries. More broadly, our work has implications for the design of 






Batteries are essential components of most electrical devices. They are used in our 
cars, laptops, power grids, and other electrical appliances. Desirable attributes of batteries 
include long life, high capacity, light weight, and low cost. Advances in battery 
technologies could help manufacture high-performance batteries and solve the energy 
crisis one day. Among the various existing technologies, lithium-ion (Li-ion) batteries 
currently outperform other energy-storage systems because of their high energy density 
and design flexibility [1]. This explains why Li-ion batteries have recently received most 
attention. Rechargeable Li-ion battery technologies have revolutionized our portable 
electronics, and it is important to the electrification of transportation vehicles. To meet 
the ever-increasing demand for energy consumption, innovations in Li-ion battery 
technologies is urgently needed. 
Key components in a Li-ion battery include a cathode, an anode, and an 
electrolyte. The cathode, or the positive electrode, is typically made of Li metal oxide. 
The anode, or the negative electrode, is made of graphite, a form of carbon with a layered 
structure. The battery is filled with a transport medium, the electrolyte, so that the Li-ions 
carrying positive charges can flow freely. When the battery is charged, the positively 
charged Li ions from the cathode move through the electrolyte into the anode. When the 
battery discharges, namely the energy is removed from the cell, Li ions travel through the 
electrolyte from the anode back to the cathode.  
The anode of current commercial Li-ion batteries is made of graphite. To enhance 




most promising anode materials is silicon (Si) because Si has a low discharge potential 
and the highest known theoretical charge capacity [1], as shown in Figure 1.1. However, 
such a high capacity of Li in Si anodes during charging and discharging is accompanied 
by a large volume expansion, which is about 280%. The 280% volume expansion 
induced by the electrochemical lithiation in Si anodes can cause fracture or even 
pulverization of the anodes, thereby leading to performance degradation [2-4]. 
 
Figure 1.1 Gravimetric and volumetric capacities for selected alloying 
reactions. Reproduced from Ref. [1]. 
To mitigate the performance degradation in anode materials, researchers have 
developed nanostructured anode materials. The nanostructures have short Li diffusion 
distances, and can reduce lithiation-induced stress to avoid pulverization. Hence, these 
novel materials are able to withstand longer cycles with less degradation in 
electrochemical performance [1, 5-13]. Although there are numerous research efforts on 
the electrochemical behavior of these materials, the mechanical behavior and failure 







































largely unknown. Further, improving the overall performance of the nanostructured 
electrode materials requires an understanding of interplay between mechanical behavior 
and electrochemical processes, as well as physical mechanisms at various length scales: 
 The electrochemical lithiation and delithiation of nanostructured Si anodes 
involves multiple physics phenomena. These phenomena include: (1) The 
lithiation of crystalline Si (c-Si) forms amorphous LixSi (a-LixSi) alloys, 
involving a transition from a crystalline phase to an amorphous phase [5, 13-15]. 
(2) During lithiation, as the Li concentration in LixSi alloys increases, the 
Young’s modulus and the yield stress of LixSi alloys decreases drastically [15, 16]. 
(3) The lithiation of Si anodes also involves coupling among chemical reactions, 
species diffusion, and mechanical deformation [5, 17, 18]. (4) Si anodes undergo 
large elastic-plastic deformation and even fracture [17, 19-21]. 
 The electrochemical lithiation of Si electrodes also involves physical processes at 
multiple length scales. These processes include atomic-scale reaction at the phase 
boundary front [22, 23], as well as microstructural evolution due to species 
diffusion and phase separation [24]. While understanding the phase-boundary 
reaction requires the atomic-scale models, morphological changes and fracture 
can be efficiently studied using the continuum modeling tools [22, 25].  
The multi-physics and multi-scale nature of the charging/discharging processes in 
the nanostructured electrode materials poses a challenge on modeling and simulations the 
electro-chemo-mechanical behavior. Modeling and simulating the coupling of concurrent 
multiple physics phenomena at various length scales have attracted tremendous research 




to investigate the physical mechanisms for improving the reliability and performance of 
the novel electrode materials (Figure 1.2). 
 
Figure 1.2 Multi-physics and multi-scale modeling in electrode materials 
during electrochemical charging and discharging. 
This thesis is focused on understanding the novel degradation mechanisms in 
high-capacity battery materials by integrating predictive modeling with in-situ 
transmission electron microscopy (TEM) experiments. In this thesis, the mechanistic 
based models at the atomistic and continuum levels for predicting the chemo-mechanical 
processes are developed. The modeling studies are tightly coupled with in-situ TEM 
experiments, so as to gain unprecedented mechanistic insights into the electrochemically-



























1.1 Mechanical Behavior of LixSi Alloys: An Atomistic Study 
Silicon (Si) is a promising electrode material for next-generation Li-ion batteries 
[17, 19, 33, 41]. A major challenge to the application of Si electrodes is the 
electrochemically-induced mechanical degradation, which can cause capacity fading and 
limit the cycle life of lithium-ion batteries [3, 25, 34, 41]. During electrochemical cycling, 
Li usually reacts with Si to form the amorphous LixSi (a-LixSi) alloys [13, 37, 42-44]. 
Despite the intensive electrochemical study of a-LixSi, their mechanical properties and 
associated atomistic mechanisms remain largely unexplored. 
Several recent experimental studies have investigated the mechanical properties 
of a-LixSi. Hertzberg et al. conducted the nanoindentation testing on polycrystalline Si 
thin films at various stages of lithiation [45]. They reported a strong dependence of 
Young’s modulus and hardness on the Li to Si ratio. Young's modulus was found to 
decrease from an initial value of 92 GPa for pure Si to 12 GPa for Li3.75Si, and the 
hardness changes from 5 GPa to 1.5 GPa, correspondingly. Chon et al. used the curvature 
measurement technique to determine the yield stress in a lithiated Si thin film [42]. They 
reported a yield stress of 0.5 GPa for a-Li3.5Si, and other thin film lithiation experiments 
reported similar values [43]. Kushima et al. measured the fracture strength and plasticity 
of lithiated Si nanowires by in situ tensile testing inside a transmission electron 
microscope [46]. The tensile strength decreased from the initial value of about 3.6 GPa 
for pristine Si nanowires to 0.72 GPa for a-LixSi (x ~ 3.5) nanowires. They also reported 
the large fracture strains that range from 8-16% for a-LixSi (x ~ 3.5) nanowires, 70% of 




The mechanical properties of a-LixSi alloys have also been recently studied using 
quantum mechanical and interatomic potential calculations. Shenoy et al. performed the 
density functional theory (DFT) calculations of the elastic properties of a-LixSi alloys 
[36]. They showed the elastic softening with increasing Li concentration. Zhao et al. 
conducted DFT calculations for both the biaxial stress in a-LixSi thin films and the yield 
stress in bulk a-LixSi under uniaxial tension [47]. They found large differences between 
the characteristic stress levels of the two cases. Cui et al. developed a modified embedded 
atomic method (MEAM) interatomic potential for the LixSi alloys [48]. They performed 
molecular dynamics simulations of uniaxial tension for bulk a-LixSi at 300K and showed 
that the yield strength decreased from about 2 GPa for LiSi to 0.5 GPa for a-Li3.75Si. In 
addition, quantum calculations have been performed to study the atomic structures and 
energetics, as well as Li diffusion, in a-LixSi alloys [26, 27, 30-32, 38, 49-51]. The 
aforementioned modeling studies not only provide valuable insights into the mechanical 
properties of a-LixSi, but also highlight the challenges to understand the structure-
property relationship in a-LixSi. Namely, the composition and atomic structure can 
change drastically during electrochemical cycling of Si electrodes, involving for example 
the transition from a Li-poor network glass to a Li-rich metallic glass with increasing Li 
concentration during lithiation [52, 53]. 
In Chapter 2, we employ a newly developed reactive force field (ReaxFF) to study 
the mechanical behavior of the a-LixSi alloys using MD simulations. This ReaxFF 
provides the accurate predictions of a set of fundamental properties for LixSi alloys, such 
as Li composition-dependent elastic modulus, open-cell voltage, and volume expansion. 




simulation of a-LixSi, which is crucially important for sampling amorphous structures 
and thus obtaining their statistically meaningful properties. In addition, ReaxFF is 
capable of describing various bonding environments, essential for improving the 
chemical accuracy of simulated structures and properties spanning a wide range of Li 
compositions. 
1.2 Chemo-Mechanics of Si Electrodes: An Atomistic Study 
Our ReaxFF-based MD modeling and simulations are capable of capturing the 
chemo-mechanical behavior of a-LixSi alloys during electro-chemical lithiation. In 
Chapter 3, we study the first lithiation of c-Si nanopillars (Section 3.1) and subsequent 
lithiation of a-Si thin films (Section 3.2). 
First lithiation of c-Si nanopillars 
The first lithiation of c-Si exhibits two significant features. One feature is that the 
lithiation occurs in a two-phase mechanism, namely there exists a phase boundary 
between pristine Si and lithiated Si and the lithiation proceeds through the movement of a 
sharp phase boundary [17, 19]. The in-situ TEM experiments show that the thickness of 
the phase boundary is about 1nm, and lithiation in c-Si proceeds through the layer-by-
layer removal of Si atoms on close-packed plane. The reason for this two-phase 
mechanism is that at the phase boundary high lithium concentration is needed to break 
strong Si-Si covalent bonds and dissolve Si atoms from Si covalent network (Figure 1.3). 
The other feature is that lithiation-induced expansion is highly anisotropic, leading to 
anomalous swelling and even fracture in Si nanostructured electrodes [25]. TEM 




orientation-dependent. For example, the mobility of {110} phase boundary is higher than 
that of {111} phase boundary, and the lithiation-induced expansion along <110> 
direction is larger than that along <111> direction [18, 54].  
 
Figure 1.3 The two-phase mechanism in the first lithiation of c-Si. The left 
image is taken from in-situ TEM experimental characterization results, 
showing a sharp phase boundary between c-Si and a-LixSi. The right 
image is a schematic illustration on the layer-by-layer removal of Si atoms 
from a Si network during lithiation. Reproduced from Ref. [18]. 
The chemo-mechanical behavior of Si nanostructured electrodes has been often 
modeled with simplified constitutive laws and chemo-mechanical properties. The  
question may arise: Are these constitutive models capable of capturing the chemo-
mechanical behavior and predicting associated failure mechanisms? To bridge the gap 
between the physical processes at the atomistic level and the chemo-mechanical behavior 
at the continuum level, we perform large-scale atomistic simulations using the ReaxFF 
method, which allow a direct output of lithiation-induced morphological evolution and 
the spatial distribution of stress (Section 3.1). The atomistic modeling and simulations 
take into account both the two-phase mechanism and the anisotropic lithiation. The 
results provide mechanistic insights into the chemo-mechanics of c-Si nanostructured 










Lithiation of a-Si thin films 
Currently, one effective method of measuring the mechanical properties of a-
LixSi is to test the lithiation response of a Si thin film on an inactive substrate (e.g., a Cu 
underlayer on a Si wafer) [19, 22, 55]. Upon electrochemical lithiation, volume 
expansion in the lithiated Si thin film is constrained by the substrate, generating a biaxial 
compressive stress in the film. The film stress can be determined from the curvature 
change of substrate based on the Stoney equation. The lithiation stresses measured from 
such thin film experiments were often taken as the yield strengths of a-LixSi alloys in 
recent literature. Based on the results of these studies, we raise the following questions: 
Can these thin-film stresses well represent the plastic properties of a-LixSi alloys? What 
is the relationship between the yield strength measured from the thin-film experiment 
during lithiation and that from the mechanical deformation of biaxial compression, 
uniaxial tension and compression of a-LixSi after lithiation? Considering the limited 
experimental data available, here we address these questions with ReaxFF-based MD 
simulations for providing insights into the effects of composition, loading mode and 
stress state on the mechanical properties of a-LixSi alloys. 
In Section 3.2, we present the MD simulation results of lithiation in an a-Si thin 
film. We analyze stress generation in the film during the lithiation and the relationship 
between the stress generation and the Li concentration of a-LixSi. We then compare the 
results with those obtained from pure mechanical loading and discuss whether the loading 




1.3 Atomistically-Informed Continuum Modeling 
Improving the reliability and performance the high-capacity nanostructured 
electrodes requires a fundamental understanding of underlying physical processes at the 
atomic scale and their interplay during charge and discharge cycling. The atomic-level 
physical processes have been investigated through both in-situ and ex-situ experiments 
[18, 20, 33] and atomistic modeling and simulations [36, 56, 57]. These investigations 
have revealed critical factors controlling the physical processes, such as electrochemical 
reaction mechanisms [18, 54] and the evolution of physical properties [19, 20]. These 
factors play an important role in the degradation of the electrodes. For example, whether 
the lithiation is reaction-control or diffusion-control affects the morphological evolution 
of the electrodes, associated stress generation, as well as fracture and failures. To capture 
the essential features of lithiation-induced stress and failures, continuum models need to 
account for these critical factors at the atomic scale. 
Diffusion, reaction, and large-strain deformation 
In the first part of Chapter 4, we develop a physical-based model for simulating Li 
diffusion, reaction of Li and Si, and large-strain deformation in the nanostructured 
electrodes. This model incorporates key information of these physical processes obtained 
from in-situ TEM experiments and atomistic simulations. Therefore, the model is able to 
simulate the reaction-controlled and diffusion-controlled lithiation, which could cause 
anomalous morphological evolution of the electrodes as shown in Figure 1.4 [41]. 
Furthermore, the model is based on large-strain elastic-plastic deformation theory. 





Figure 1.4 Cracking in a <100>-oriented c-Si nanopillar. (a) Initial cross 
section of the nanopillar. (b) Cross section of the nanopillar in an 
intermediate stage of lithiation. (c) Cracking occurs in a late stage of 
lithiation. Reproduced from Ref. [41]. 
Application to Si nanostructured anodes 
In the second part of Chapter 4, we apply our model to study the lithiation-
induced degradation in both c-Si and a-Si nanostructured anodes. Together with TEM 
and SEM experimental characterization, the modeling studies have uncovered unexpected 
electrochemical reaction mechanisms, such as two-phase lithiation mechanism in the first 
lithiation of a-Si. In addition, motivated by experimental observations [17, 21, 41, 58], 
the studies have revealed novel failure mechanisms in Si-based nanostructured anodes, by 
analyzing lithiation-induced stress generation and fracture modes. The modeling research 
provides mechanistic insights into how to mitigate electrode degradation, and therefore 
helps to optimize the design of high-capacity electrodes. 
1.4 Chemo-Mechanics of Multilayer Electrodes 
One of the main challenges with high-capacity LIB electrodes is the dramatic 














nanostructured composite electrodes, such as carbon/silicon nanotubes and hierarchical 
nanostructures, have been developed owing to rapid progress in synthesis and fabrication 
techniques [5, 10, 14, 16, 59, 60]. These advanced electrodes can reduce stress generation, 
better accommodate inhomogeneous volume expansion, minimize side reactions, as well 
as enhance electrical transport. Because of these improvements, these electrodes can 
withstand the increasing number of charge-discharge cycles without significant capacity 
loss, and therefore have great potential for applications in electrodes of next-generation 
rechargeable batteries [5, 16, 61-68]. However, the structural complexity of the 
nanostructured composites could introduce novel phenomena and degradation 
mechanisms. In Chapter 5, we investigate the chemo-mechanical behavior of two 
different nanostructured multilayer anodes: bilayer carbon nanofibers as Na-ion anodes 
and SiO2-coated Si nanopillars as Li-ion anodes. 
Sodiation of bilayer carbon nanofibers 
Recently, batteries based on other alkali-metals, such as Na-ion batteries (NIBs) 
have attracted great attention, owing to their comparatively high natural abundance and 
low cost [69-73]. Considering the similar chemical properties of Li, Na, and K, the anode 
and cathode materials used in LIBs are being investigated for their applications in NIBs 
in the past few years. The potential anode materials for NIBs include carbonaceous 
materials, Sn, Sb, and metal oxides. Among these candidates, carbonaceous materials are 
most promising, given their successful applications in commercial LIBs and particularly 
low cost, natural abundance, small volumetric expansion during alloying with alkali-
metals [70, 74, 75]. Graphite has been used as the anode of current commercial LIBs with 




be stored in the graphite anode of NIBs. Such a limitation has been often attributed to the 
higher intercalation energy barrier of Na ions [69, 70, 77]. So far, the highest capacity for 
carbonaceous anodes reported in NIBs is about 300 mAh/g in hard carbon, whose usage 
is severely limited by its poor cyclability [77]. Recently, the disordered or amorphous 
carbon materials were found to exhibit much improved cyclability [70, 75, 78]. For 
example, the disordered hollow carbon nanowires showed a reversible capacity as high as 
251 mAh/g with 82.2% capacity retention after almost 400 sodiation-desodiation cycles 
[75], which is much better than hard carbon [79]. Moreover, carbon is often used to 
enhance electron conduction in anodes or cathodes of LIBs and NIBs, as well as to 
support other active materials in high-capacity nanocomposite anodes for LIBs and NIBs 
[64, 80-83]. Therefore, it is essential to understanding the electrochemical reactions and 
associated structure-property relationships of carbon-based anodes during sodiation, 
thereby paving the way for future development of the novel carbon-based or carbon-
supported nanocomposite anodes for NIBs. 
Lithiation of SiO2-coated Si nanowires 
Charge/discharge cycling of Si anodes is accompanied with dramatic volume 
changes, leading to fracture and pulverization [42, 84]. Such fracture and pulverization 
can cause continuous formation and growth of solid electrolyte interphase layer on 
newly-formed surface of the electrodes, resulting in low Columbic efficiency and high 
impedance. To maintain structural integrity and minimize side reactions, a coating layer 
has been introduced on the surface of the active materials. Recently, various coating 
materials, such as SiO2 [10, 60, 62, 85, 86], Al2O3 [87], TiO2 [87, 88], and Carbon [89, 




materials, SiO2 has attracted particular interest because of the following reasons: (1) the 
growth of a native SiO2 layer on Si surface is unavoidable; (2) the thickness of a SiO2 
layer can be easily controlled through thermal oxidation; (3) SiO2 exhibits high natural 
abundance, large reversible capacity of Li, and low discharge potentials [91-95]. To 
improve the performance of SiO2-coated Si nanostructured anodes, understanding the 
chemo-mechanics of the coated anodes is essential and worth a detailed study. 
In Chapter 5, we present chemo-mechanical modeling studies of nanostructured 
multilayer electrodes for Li-ion and Na-ion batteries including hollow carbon nanofiber 
(CNF) anodes (Section 5.1) and oxide-coated Si nanowires (Section 5.2). We investigate 
the origin of geometrical changes and crack formation. Our modeling studies provide 
mechanistic insight into the microstructure evolution and mechanical degradation of 




2 MECHANICAL BEHAVIOR OF LixSi ALLOYS: AN 
ATOMISTIC STUDY 
Electrochemical cycling of a Si electrode usually produces amorphous LixSi (a-
LixSi) alloys at room temperature. Despite the intensive electrochemical study of a-LixSi 
alloys, their mechanical behavior and underlying atomistic mechanisms remain largely 
unexplored. In this study, we perform molecular dynamics simulations to characterize the 
mechanical properties of a-LixSi with a newly developed reactive force field (ReaxFF). 
We compute the yield and fracture strengths of a-LixSi under a variety of mechanical 
loading conditions, including biaxial compression, uniaxial tension and compression. The 
effects of loading sequence and stress state are investigated to correlate the mechanical 
behavior with the dominant atomic bonding characteristics that are mediated by the Li 
content. We also investigate fracture mechanisms in a-LixSi, and the simulation results 
reveal a brittle-to-ductile transition as Li-concentration increases in the a-LixSi alloys. 
The results provide mechanistic insights for interpreting experiments, understanding 
intrinsic properties and designing new experiments on a-LixSi alloys, essential to the 
development of durable Si electrodes for high-performance Li-ion batteries. 
2.1 A Reactive Force Field (ReaxFF) for LixSi  
The parameters of ReaxFF for a-LixSi systems were optimized against a based 
training set from density functional theory (DFT) calculations, containing a collection of 
data including energies, geometries and charges. ReaxFF bond, off-diagonal and valence 




were fitted to a training set containing 142 data points using a successive single-
parameter search method with multiple cycles to account for parameter correlation [96].  
The ReaxFF uses the Si parameters developed by van Duin et al. [97] and was 
further trained to model the a-LixSi systems. The force field was trained against the 
equation of states for the simple cubic phases of Si [97] and the body-centered cubic 
(bcc), face-centered cubic (fcc) and hexagonal-close-packed (hcp) phases of Li. In Figure 
2.1 (a), we compare the equations of states for the bcc, fcc and hcp phases of Li given by 
ReaxFF and DFT studies. The ReaxFF energy curves are in good agreement with DFT 
calclations, with an root mean square deviation of only 1.65 kcal/mol for bcc, 2.14 
kcal/mol for fcc and 2.36 kcal/mol for hcp phases of Li. 
The ReaxFF was also trained against the energy curves for crystalline LiSi, 
Li12Si7, Li13Si4 and Li15Si4 given by DFT calculations. Figure 2.1 (b) – (c) gives the 
comparison of energy curves of LiSi, Li12Si7, Li15Si4 and Li13Si4 crystals predicted by 
ReaxFF and DFT calculations. The root mean square deviation of ReaxFF energy curves 
from DFT calculations is only 0.23 kcal/mol for LiSi, 9.58 kcal/mol for Li12Si7, 0.46 
kcal/mol for Li13Si4 and 3.68 kcal/mol for Li15Si4. Table 2.1 lists the heat of formation of 
various Li/Si crystals predicted by ReaxFF and its comparsion with corresponding DFT 





Figure 2.1 (a) Energy versus volume for the bcc, fcc and hcp phases of 
pure Li from ReaxFF and DFT calculations. (b) Energy versus volume for 
crystalline LiSi and Li13Si4 predicted by ReaxFF and DFT calculations. (c) 
Energy versus volume for crystalline Li12Si7 and Li15Si4 from ReaxFF and 
DFT calculations. 
Table 2.1 Heat of formation of LiSi, Li13Si4 and Li15Si4 crystals from 
ReaxFF and DFT caclulations. 
 ReaxFF (kcal/mol) DFT (kcal/mol) 
LiSi -14.85 -9.30 
Li13Si4 -85.47 -99.75 
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2.2 Structural Characterization of LixSi Alloys 
The a-LixSi alloys with several representative Li concentrations are generated 
using molecular dynamics (MD) simulations. The MD simulations are conducted using 
the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) [98]. For 
each composition, the starting system is either c-Si with interstitial Li atoms distributed 
evenly or the crystalline compound of LixSi. Each system contains approximate 2000 
atoms in total. Amorphous structures are obtained by melting the starting systems under a 
stress-free condition and quenching at a fixed cooling rate. That is, each system is relaxed 
under three-dimensional (3D) periodic boundary conditions for 0.5-1.2 ns at a 
temperature about twice of its melting point, and then the system is cooled at a rate of 
1013 K/s to room temperature, 300 K. 
We note the procedure described above aims to obtain amorphous structures. 
With sufficient equilibration of structures at high temperature, the choice of a pre-
quenched structure does not affect the amorphous system upon quenching. However, the 
local structure and shear modulus could be influenced by cooling rate and relaxation 
history in MD simulations. This is because a slower rate gives the structure longer 
relaxation time to reach a lower energy, which results in a more stable system and higher 
shear modulus. In contrast, a higher cooling rate results in lower barriers between the 
sub-basins in the potential energy landscape, thus rearrangement of atoms is easier to 
occur. 
Previous studies show that the continuous random covalent network of Si is 




bonds. Characterization of a-LixSi systems at each composition yields qualitative 
measurements on the changes in local structures and bonds.  For current a-LixSi systems, 
several different parameters are used in order to describe the essential features of 
structures with various Li concentrations.   
Figure 2.2 (a) – (d) shows as-built amorphous systems for selected a-LixSi alloys 
and pure amorphous Li (a-Li) and a-Si systems. Figure 2.2 (e) – (f) reveals how the 
continuous Si network is disrupted with increasing Li concentrations. When Li 
concentration is relatively low, the Si network is partially destroyed and featured with 
long Si chains and large Si rings. With increasing Li content, Si chains are progressively 
shortened to isolated Si atoms and short Si chains, such as boomerangs and dumbbells.  
 
Figure 2.2 Visual representation of as-built systems for selected 
amorphous LixSi alloys, showing that the structures are amorphous.  Red 








(b) a-LiSi, (c) a-Li15Si4, (d) a-Li, (e) broken Si network in a-LiSi (Li-poor 
phase), and (f) Si chains in a-Li15Si4 (Li-rich phase). 
Breaking of the random covalent network of Si during Li insertion can be 
characterized by the evolution of ring statistics (Figure 2.3 (a)). The ring fraction of pure 
a-Si has a peak at the 6-membered ring, and the rings with other numbers of atoms arise 
because of amorphization. As Li concentration increases, 3-membered rings become 
increasingly dominant. In highly lithiated Si alloys, the fraction of the rings with other 
numbers of atoms almost diminishes. The distribution is consistent with previous results 
from molecular orbital theory calculation [30], in which the DFT study shows that Li 
atoms prefer to stay in large space of Si network. With very low Li concentration, Si-Si 
bonds are not broken but weakened. As Li content increases, the local environment of a 
Si atom is mainly occupied by Li atoms, resulting in the dominance of three-atom rings. 
Figure 2.3 (b) and (c) show the local environment of Si atoms in c-Li15Si4 and a-Li15Si4. 
Each Si atom in c-Li15Si4 is isolated, while in our a-Li15Si4 system, there are only a few 
isolated single Si atoms. The surrounding atoms of a Si atom in the a-Li15Si4 system 
contain both Li atoms and Si atoms. These Si-Si bonds are weakened by the neighboring 






Figure 2.3 (a) The distribution of ring sizes in a-Si and a-LixSi alloys. (b) 
A Si atom is surrounded by Li atoms in a c-Li15Si4 structure, indicating 
each Si atom is isolated. (c) Environment for a Si atom in a-Li15Si4 
structure, indicating in the amorphous phase there exist Si-Si bonds which 
are weakened by surrounding Li atoms. 
The local structural evolution and bonding environment in a-LixSi can also be 
characterized through radial and angular distribution functions. Figure 2.4 (a) shows total 
(gtotal) and partial radial distribution functions (RDFs) (gLi-Si, gLi-Li, and gSi-Si) for the as-
built a-LixSi structures with selected compositions. The results of the RDFs do not 
exhibit sharp peaks, confirming the amorphous nature of the structures. The right shift of 
the first peak in the total RDF demonstrates that as Li content increases Si-Si pairs are 
dispersed and Li-Si and Li-Li pairs become dominant gradually. We note that there is an 
undesired peak between 3.0 Ǻ and 3.5 Ǻ in the total RDF of a-Si and a-LiSi32. This peak 
is caused by the fast quench rate, which results in “liquid-like” environment in a-Si [52, 
100, 101]. The peak is not expected when quench rate is slow enough, and slow quench 
rate can generate a “solid-like” environment [52, 100, 101]. Angular distribution 











on the local structural evolution and bonding environment in a-LixSi during the increase 
of Li concentration. Two well-defined peaks are developed and gradually become narrow 
with increasing Li concentration. We note that the shoulder in the ADFs for the as-build 
a-Si structure is a sign of the “liquid-like” feature of a-Si caused by fast quenching. 
 
Figure 2.4 (a) Total and partial pair-distribution functions for selected a-
LixSi alloys. For each composition, two independent samples are used. (b) 
Angular distribution functions for selected a-LixSi alloys. For each 
composition, two independent samples are used. 
2.3 Elastic Softening of LixSi Alloys 
Using ReaxFF, we evaluate the open-cell voltage [30], volume expansion and 
Young’s modulus of a-LixSi, as a function of Li concentration, as shown in Figure 2.5. 
Regarding the lithiation-induced volume expansion, it can be affected by the initial 
structure of an a-Si network. In our simulations, a-Si is generated by the melting-
quenching method, and hence its structure can be influenced by the quench rate. Under 
the simulated quench rate in our MD, a-Si is more liquid-like with a mass density of 


















































the Li insertion. In contrast, the a-Si in experiment (and c-Si) usually has a lower density, 
is more solid-like, and contains more open volumes. Therefore, the volume change 
caused by Li insertion in our simulated a-Si is larger than that for c-Si or experimental a-
Si at low Li concentrations [100]. For example, our ReaxFF gives a volume change of 3.7% 
from c-Si to Li0.125Si by inserting Li atoms to interstitial sites, and 7.0% from as-
quenched a-Si to a-Li0.125Si. 
Despite the aforementioned structure difference, elastic moduli predicted from our 
simulations show overall agreement with experimental measurements [52], i.e., the 
decrease of elastic modulus with increasing Li concentration [101]. However, Young’s 
moduli from the ReaxFF are closer to the rule of mixtures than DFT calculations [36] and 
experimental measurements [101]. At this moment, the origin of discrepancy is not clear. 
While such discrepancy might arise from the inaccuracy of the ReaxFF, we also note the 
limitations of other approaches. In the experiments, the measured Young's modulus might 
not correspond to the elastic properties of a single phase LixSi when 0 < x < 3.75. This is 
because it is not clear whether the Li distribution is uniform or not in partially lithiated 
samples, considering the two-phase lithiation has been observed in a-Si [44]. In DFT 
calculation, the results could be limited by the relaxation time and system sizes that affect 





Figure 2.5 Comparison of properties of a-LixSi between experimental 
measurements and predictions from ReaxFF and DFT. (a) Voltage versus 
Li concentration x. Experimental results are taken from Ref. [8]. (b) Ratio 
of the current volume and initial volume versus Li concentration x. 
Experimental results are taken from Ref. [20]. (c) Young’s moduli of a-
LixSi alloys at 300K. Experimental results are taken from Ref. [20]. DFT 
results are taken from Ref. [36]. 
2.4 Plastic Behavior of LixSi Alloys 
Experimental measurements of stress generation in a-LixSi thin films indicate that 
plastic flow occurs during lithiation/delithiation for accommodating large deformation [8, 
19, 22, 55]. The measurements also show that the yield stress of a-LixSi gradual 
decreases as Li concentration increases. These experimental results suggest a prominent 
lithiation-induced plastic softening in a-LixSi alloys. In addition, first-principles studies 
show that Si-Si bonds break and reform continuously during large plastic deformation in 












































plasticity in a-LixSi alloys and the atomic-scale mechanisms responsible for the 
lithiation-induced drop in yield stress are not completely understood.  
There would be therefore a need to completely understand the yield behavior of a-
LixSi alloys. In this section, we investigate the details on the yield behavior of a-LixSi, 
with x equal to 0.125 and 3.75, using MD simulations. We compute the yield and fracture 
strengths of a-LixSi under mechanical loading conditions, including biaxial compression, 
uniaxial tension and compression. We also calculate the yield surfaces of a-LixSi for 
biaxial stress states, and the calculated yield surfaces show an asymmetry on the 
magnitudes of yield stress in tension and compression. Following these calculations, we 
discuss the plasticity carrier in a-LixSi and the asymmetry in the yield surfaces by linking 
atomistic-level mechanisms in metallic glasses and covalent glasses. 
2.4.1 Biaxial Compression, Uniaxial Tension, and Uniaxial Compression 
Biaxial compression 
One effective method of measuring the yield stress of a-LixSi is to measure the 
stress generation in an a-Si thin film on an inactive substrate in lithiation/delithiation 
cycling [19, 55, 102]. During the lithiation of a constrained thin film, compressive stress 
is generated owing to concurrent electrochemical reaction of Li with Si and mechanical 
deformation of a-LixSi, both of which involve the similar atomic processes of bond 
breaking, switching, and reformation. MD modeling and simulations of lithiation in an a-




Alternatively, one can evaluate the mechanical properties of a-LixSi alloys 
through a sequence of chemical lithiation followed by mechanical deformation. That is, 
a-Si is first lithiated to a specific Li concentration under a stress-free condition, and then 
is subjected to biaxial compression while keeping the Li concentration fixed. To correlate 
the yield stress obtained from the lithiation of Si thin film with that from the pure 
mechanical deformation of a-LixSi alloys, one needs to define the strain at the “yield 
point” in the latter case. 
To simulate the mechanical deformation, we take a supercell of a-LixSi, which is 
generated through the pre-described melt-quench method, as a representative volume 
element (RVE). This supercell is subjected to period boundary conditions. It is free to 
expand in one direction and subjected to biaxial compression in the other two directions. 
Figure 2.6 (a) shows the simulated stress-strain curves of biaxial compression under a 
strain rate of 5×108 s-1 at 300 K with several representative Li concentrations. A salient 
feature in these stress-strain responses is the yield point phenomenon, featuring the peak 
stress, load drop, and steady-state flow with a limited strain hardening. Notably, the 
degree of yield drop varies with the Li content. In Li-poor phases, the high peak of yield 
stress is usually observed and the associated load drop is pronounced. The large peak 
stress indicates the need of a high load to create enough plastic carriers during the early 
stage of deformation, a process usually referred to as rejuvenation for creating an 
amorphous structure amenable to plastic flow [101]. In contrast, the yield point 
phenomenon is less pronounced in the Li-rich phases, which implies the existence of a 
high fraction of easily flowing components and thus lends a support to constitutive 





Figure 2.6 MD simulations of biaxial compression of a representative 
volume element (RVE) of a-LixSi alloys. (a) Stress-strain curves at four Li 
concentrations. The green cross symbol indicates the respective yield 
strengths of ym, which correspond to the compression strain, m, specified 
in (b) for each selected concentration. (b) Strain-composition curve for a-
LixSi alloys. The inset describes a sequential loading mode, which consists 
of a stress-free chemical expansion from a-Si with an initial size of L0 to 
a-LixSi with a size of L1, and a biaxial compression on a-LixSi under an 
external compression strain of   101 LLLm  , so that a-LixSi has the 
same in-plane dimensions as a-Si. 
Although the detailed atomic processes underlying the yield point phenomenon in 
a-LixSi alloys warrant further study, we focus on extracting the yield strength of mY  from 
the above mechanical (m) deformation of biaxial compression. The results enable us to 
correlate m
Y  with the yield strength of 
cm
Y  evaluated from thin-film lithiation that 
involves a concurrent chemomechanical (cm) process (Section 3.2). Note that in order to 
determine m
Y  at a specific Li concentration from the stress-strain curve, one needs to 
determine the corresponding strain at yielding, as shown in Figure 2.6 (b). Here we 
define the strain at yielding as   0101  LLLm , where 1L  and  0L  respectively 























shown in the inset of Figure 2.6 (b). Application of such a strain at yielding to a-LixSi 
cancels the in-plane expansion induced by the stress-free lithiation, consistent with the 
boundary condition of rigid in-plane constraints during thin-film lithiation. Given 
m  at a 
specific Li concentration, we determine the associated compressive yield strength m
Y  
from the biaxial compressive stress-strain curve in Figure 2.6 (a). As indicated by the 
cross symbols in Figure 2.6 (a), m
Y  corresponds to the characteristic plateau stress of 
plastic flow. 
The above yield strengths are at variance with previous reports of simulations [47, 
48] and experiments [51]. The discrepancy of our computed yield strengths with 
references [47, 48] arises mainly from the different definitions of yield strength. As 
shown in Figure 2.6 (a), the stress-strain curve from MD simulation usually exhibits the 
yield point phenomenon, which involves a peak stress that is followed by stress drop (i.e., 
softening) and subsequent steady state flow at a plateau stress. The value of the yield 
peak depends sensitively on various factors such as the applied strain rate and 
temperature, sample preparation (e.g., annealing temperature and rate), as well as 
chemical composition of the alloys. The conventional 0.2% offset yield stress, as defined 
by Cui et al. [48], is closely correlated with the yield peak, thus being dependent on the 
aforementioned factors. On the other hand, the stress-controlled energy minimization is 
performed by Zhao et al. [47], and the yield strength is defined as the critical stress at the 
load drop or strain jump, which is also closely correlated to the yield peak. In addition, 
the simulations in reference [47] are performed in a rather small amorphous system with 
a highly non-uniform atomic structure and thus the results are likely a function of system 




In contrast, we define the yield strength as the steady state flow stress, which is 
not so sensitive to the value of yield peak. More importantly, our definition facilitates a 
correlation of the yield strength between biaxial deformation and thin film lithiation. This 
is because Figure 2.6 (b) shows that the typical compressive strains during thin-film 
lithiation are mostly larger than 10%, and hence the steady state flow stress in biaxial 
deformation, which prevails at large strains, is more relevant to the yield strength in thin 
film lithiation. In addition, the steady state flow stress obtained in our simulations is 
insensitive to the system size, which ranges from 3nmx3nmx3nm (~2,000 atoms) to 6nm 
x 6nm x 6nm (~16,000 atoms).  
Hertzberg et al. [16] report the experimental measurements of hardness of a-LixSi 
alloys using the indentation method. Due to the well-known strain rate effects on MD, it 
is not possible to quantitatively compare MD with experimental results. However, we 
note that while these measurements represent the first experimental effort to quantify the 
yield strength of a-LixSi alloys, there are several uncontrolled factors in experiments, 
such as uncertainty on the spatial distribution of lithium considering the recently 
discovered two-phase mechanism in the first lithiation of a-Si [44, 47], as well as 
uncertainty on the structural and composition changes when the lithiated samples were 
transferred to mechanical testing. Hence, the well-controlled experimental studies are 
critically needed in the future research.   
Uniaxial tension 
In addition to the biaxial compression of a-LixSi, we conduct the MD studies of 




constant strain rate of 108 s-1 at 300 K. Figure 2.7 (a) shows the tensile stress-strain 
curves for a Li-poor (a-Li0.125Si) and a Li-rich (a-Li3.75Si) nanowire, both of which 
exhibit the initially linear and subsequently non-linear responses followed by a load drop. 
The linear response corresponds to elastic deformation, with Young’s moduli fitted as 65 
GPa for a-Li0.125Si and 12 GPa for a-Li3.75Si. Evidently, the nanowires undergo elastic 
softening with increasing Li concentration. This result is indicative of the stiffer bonding 
of Si-Si than Li-Li, which is consistent with the previous experimental measurements [48] 
and first-principles calculations [36]. Compared to that of the a-Li0.125Si nanowire, the 
stress-strain curve of a-Li3.75Si exhibits a considerably larger range of nonlinearity 
beyond the proportional limit. Such a difference can be ascribed to the existence of an 
increasing fraction of easily flowing components with increasing Li concentration, an 
effect that is also responsible for different yield point responses during biaxial 
compression, as discussed earlier. 
Unique to uniaxial tension, the nanowires are prone to necking instability. It has 
been previously understood that the onset of necking arises from the insufficient strain 
hardening to compensate for the geometrical softening associated with the reduction of 
cross-sectional area during tensile elongation [47]. Since the amorphous solid usually 
lacks strain hardening as shown earlier in biaxial compression, the neck grows in both a-
Li0.125Si and a-Li3.75Si nanowires (Figure 2.7 (b) and (c)), causing fracture in the necked 
region. Because the associated load drop prevents an extensive plastic flow, uniaxial 
tension is not an effective loading mode to study the post-yielding behavior. Nevertheless, 
MD results furnish an estimate of the ultimate tensile strength of 4.7 GPa and 0.5 GPa for 




around 13%. Because of the high strain rate and short relaxation time in MD, the 
predicted fracture stress and strain of a-Li3.75Si nanowires represent the upper limit of 
experimental results from the tensile testing of lithiated Si nanowires [47]. In addition, 
we note that the a-Li0.125Si nanowire exhibits an abrupt load drop, as opposed to a gradual 
decrease in a-Li3.75Si. This difference in the post-necking response can be attributed to 
the relatively high elastic stiffness of the a-Li0.125Si nanowire, which results in a large 
elastic energy release to drive a sharp load drop in the fracture process. Our MD 
simulations also show that the slope of the descending stress-strain curve is sensitive to 
the applied strain rate, with a faster load drop at a lower strain rate. 
 
Figure 2.7 MD simulations of uniaxial tension of a-LixSi nanowires. (a) 
Engineering stress-strain curve for both the representative Li-poor (a-
Li0.125Si) and Li-rich (a-Li3.75Si) nanowires. (b) Atomic structures of an a-
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(before the onset of necking), (iii) severe necking and (iv) fracture. (c) 
Same as (b) except for an a-Li3.75Si nanowire. 
Uniaxial compression 
In recent years, nanopillar compression has emerged as a popular and effective 
means of testing the mechanical properties of small-volume materials [103-106]. 
Compared to uniaxial tension, it avoids the necking instability and thus enables the study 
of both yield strengths and post yielding properties. Figure 2.8 (a) shows the simulated 
stress-strain curves of uniaxial compression for a-Li0.125Si and a-Li3.75Si nanopillars 
under a strain rate of 5×108 s-1 at 300 K. Similar to the nanowires under uniaxial tension, 
the compressed nanopillars undergo the initial elastic deformation. The fitted Young’s 
moduli for a-Li0.125Si and a-Li3.75Si are consistent with those in tension. Moreover, the 
magnitude of the flow stress is close to that of the ultimate strength in the tensile tests for 
both a-Li0.125Si and a-Li3.75Si. 
In contrast to the biaxial compression of a RVE as shown in Figure 2.6, the yield 
drop phenomenon disappears in the Li-poor nanopillars of a-Li0.125Si under uniaxial 
compression at 300K. It has been previously shown that the magnitude of the peak yield 
stress and the sharpness of the associated load drop in amorphous solids are controlled by 
the interplay of the annealing rate during sample preparation and the applied strain rate 
during deformation [101], which respectively controls the amount of the pre-existing and 
deformation-induced plastic flow carriers. However, both the annealing and strain rates 
are the same in our simulations of biaxial compression and uniaxial compression. The 
major difference is that nanopillars have free surface while the RVE with periodic 




phenomenon in nanopillar compression to the effect of free surface, i.e., a large number 
of surface dangling bonds enhance plastic flow and thus suppress the yield peak. In 
addition, the simulated nanopillars experience the steady flow (Figure 2.8 (a)) with a 
large range of homogenous compression (Figure 2.8 (b) and (c)), rather than the 
development of a dominant, localized shear band that would cause premature failure and 
load drop. This phenomenon can be attributed to the relatively small size of our 
nanopillars that effectively prevents the shear band formation, a well-known sample size 
effect on deformation in amorphous solids [107]. Lastly, we note that the above MD 
study of uniaxial deformation in terms of free-standing nanowires and nanopillars, 
instead of RVEs, is motivated by the consideration that these simulations could provide 
valuable references and insights for future experiments on a-LixSi nanowires and 
nanopillars. 
 
Figure 2.8 MD simulations of uniaxial compression of a-LixSi nanopillars. 
(a) Engineering stress-strain curve for both the representative Li-poor (a-






















Li0.125Si nanopillar at the compressive strain of (i) zero, (ii) 10%, and (iii) 
30%. (c) Same as (b) except for an a-Li3.75Si nanowire. 
2.4.2 Biaxial Yield Surface 
Finally, we summarize the simulated results of yield strengths in Figure 2.9 in 
terms of the biaxial yield surface in the true stress space, in order to provide a unified 
perspective on the mechanical properties of a-LixSi alloys. Besides the yield strengths 
obtained in Sections 2.4.1 and 3.2, we include in Figure 2.9 the additional results of flow 
strengths in uniaxial tension and compression of RVEs. Despite the limited data set, 
several salient features emerge. First, plastic yielding depends sensitively on the Li 
content. This has been demonstrated through a Li-poor phase of a-Li0.125Si in Figure 2.9 
(a) and a Li-rich phase of a-Li3.75Si in Figure 2.9 (b). Such a difference arises because the 
plastic flow characteristics of the former are dominated by the strong covalent Si-Si 
bonds but the latter by the weak metallic Li-Li bonds. Second, the asymmetry in tension 
and compression exists, as seen in uniaxial deformations from Figure 2.9 (a) and (b). 
Such asymmetry is a hallmark of amorphous solids [108], manifesting the effect of 
normal stress on shear strength. It is observed in both the Li poor and rich a-LixSi alloys, 
despite the drastically different structures and bonding characteristics. That is, the 
directional, covalent network of Si dominates in the former, as opposed to the randomly 
close-packed metallic Li in the latter. The initial yielding behavior in an amorphous 
material is expected to have a relatively high sensitivity on pressure, since the nucleation 
of plasticity carriers such as shear transformation zones is usually accompanied by the 
dilatation of atomic structure. However, our yield strength is defined as the steady state 




that of the initial yielding. Specifically, when a system is deformed to large strains, it 
should have already generated a significant amount of plasticity carriers. It follows that 
the system volume is not necessarily required to change significantly to sustain the steady 
state flow at high strains, such that plastic yielding becomes less sensitive to pressure, as 
observed in our MD results. Third, the biaxial compression yield strength is a little higher 
than the uniaxial one, owing to the geometrical confinement effects on plastic 
deformation. Fourth, Figure 2.9 (c) shows that the normalized biaxial yield surfaces are 
similar between the a-Li0.125Si and a-Li3.75Si phases, despite their dominant atomic 
bonding characteristics are drastically different. Overall, all the aforementioned features 
are fundamentally governed by the nature of atomic bonding in a-LixSi alloys, and the 
unique mechanical properties of a-LixSi alloys reflect the effective behavior of the mixed 
covalent and metallic bonds with different fractions and spatial arrangements [103]. 
Regarding the plastic properties, the previous study shows that the liquid-like a-Si 
contains a relatively large number of flow defects facilitating plastic deformation [101]. 
Hence, the yield strengths predicted from our a-Si should represent the upper limit at low 
Li concentrations. However, we emphasize that the initial structures in all of our 
simulations, including both the lithiation of thin film and the mechanical loading of a-
LixSi alloys, are generated using the same protocol of melting-quenching and the 
resultant structures enable a self-consistent study of how the Li composition affects the 
mechanical properties of a-LixSi alloys. Nevertheless, the effects of different amorphous 
structures and mass densities on the yield strength of a-LixSi alloys warrant a more 





Figure 2.9 Biaxial yield surface of a-LixSi alloys. (a) Yield surface in true 
stress space of a Li-poor phase of a-Li0.125Si under various loading modes. 
All the three loading modes on RVEs are performed under a strain rate of 
5×108 s-1 at 300 K. Reflection symmetry is employed about the line of 
yyxx   , since amorphous solids are isotropic. The dashed line is drawn 
to guide eyes. (b) Same as (a) except for a Li-rich phase of a-Li3.75Si. (c) 
Results in (a) and (b) are normalized by the respective value of the long 
radius of the ellipse. (Simulation details and results of thin film lithiation 
are provided in Section 3.2.) 
Evolution of atomistic structures during deformation 
We study the atomic-level mechanisms of mechanical relaxation by analyzing the 







































atomic coordination numbers during deformation provides basic information on the 
atomistic structural changes under mechanical loading, which can be correlated to the 
dominant bonding characteristics. In Figure 2.10 (a) and (b), we compare the 
coordination numbers of Si and Li atoms for a-Li0.125Si and a-Li3.75Si alloys under 
uniaxial tension at = 0 and 0.4, respectively. In both a-Li0.125Si and a-Li3.75Si, the 
number of Si atoms with small coordination numbers increases, and the number of Si 
atoms with large coordination numbers decreases. In addition, the change in the 
coordination number distribution of Li atoms in a-Li0.125Si is more obvious than that in a-
Li3.75Si. These results indicate (a) Si-Si and Si-Li bonds break during deformation; (b) in 
a-Li0.125Si, most Li atoms are located in the interstitial sites of the covalent Si network, 
and the structural relaxation under high strain occurs mainly through breaking and 
reformation of covalent Si-Si bonds; (c) in a-Li3.75Si, a large fraction of metallic Li atoms 
and their high mobility enable the effective bond switching and reforming to 
accommodate the imposed mechanical strain. 
 
Figure 2.10 Evolution of coordination numbers under uniaxial tension. (a) 
Distribution of the coordination numbers of Si and Li atoms in a-Li0.125Si 















Plastic Relaxation and Plasticity Carrier 
Irreversible stress relaxation events during deformation in random covalent 
network materials, e.g. a-Si, and metallic glasses have been investigated through 
atomistic simulations [100, 105]. Although there are apparent differences in composition, 
atomic packing and bonding between covalent network materials and metallic glasses, 
irreversible shear events in both of the two kinds of amorphous materials exhibit similar 
features [101, 108]. In a-Si, atomic local environment with “liquid-like” mass is 
considered as plasticity carriers, and large shear propagation triggered by a local shear 
event is observed in atomistic simulations using the Stillinger-Weber (SW) potential 
[100]. In metallic glasses, local shear transformation zones and the regions with free 
volume are taken as plasticity carriers, and subsequent autocatalytic propagations of shear 
transformation zones have been observed in atomistic simulations. In this work, we 
consider a-LixSi as an intermediate state between a-Si and a-Li. a-LixSi with a very low 
Li concentration may exhibit a random-covalent-network behavior, while Li-rich a-LixSi 
tends to be similar to metallic glasses. The bonding in a-Si is direction-sensitive. The 
insertion of Li atoms results in metallic-covalent mixed bonding, and with increasing Li 
concentration, Li-Li metallic bonding becomes dominant in a-LixSi. Such a transition in 
bonding leads to changes in the atomic environment of local shear events. 
2.5 Fracture mechanism: A Brittle-To-Ductile Transition 
During the charge/discharge cycling, Si undergoes large volume change, leading 
to fracture and cracking in Si anodes [3, 6, 7, 33, 41]. The fracture behavior of Si anodes 




experimental works [46, 112]. An important question in these works is: What is the 
criterion of fracture in lithiated Si? To resolve this question, we first need to understand 
the fracture mechanisms in lithiated Si, a-LixSi. In this section, we report atomistic 
simulations of precracked a-LixSi samples under tensile loading, with emphasis on 
whether fracture occurs in a brittle or ductile manner. 
We study fracture mechanisms in two a-LixSi alloys, a-Li0.5Si and a-Li2.5Si, in 
which bonding environments are covalent-bond dominant and metallic-bond dominant, 
respectively. Atomic interactions are modeled by the ReaxFF described in Section 2.1. 
The two a-LixSi samples are prepared from a melting-and-quenching simulation with a 
quench rate of 2 x 1012 K s-1. The samples are generated in a stress-free condition, with 
final dimensions of ~16 nm x 10 nm x 1.5 nm (Figure 2.11). A sharp pre-crack with a 
length of ~3 nm is made to facilitate fracture and cracking behavior. The samples are then 
loaded in tension with a strain rate of 5×108 s-1. During the simulations of tension and 
fracture, temperature is maintained at 5 K to reduce the thermal effects. Periodic 
boundary conditions are applied along the loading and the thickness directions. The time 
step for all the MD simulations is 1 fs. The simulations are performed under both the 
plane-strain condition and the plane-stress condition. Here, only the results for the plane 
strain condition are presented and discussed because the simulation results for these two 





Figure 2.11 a-LixSi sample dimensions in MD simulations. Periodic 
boundary conditions are applied along x and z directions. The sample is 
loaded in tension along z direction. 
The fracture simulations find two distinct types of fracture behavior in the 
precracked a-LixSi samples under tensile loading. Figure 2.12 shows selected snapshots 
of fracture simulations of a-Li0.5Si and a-Li2.5Si precracked samples. The simulations 
reveal two distinct types of fracture behavior: brittle fracture through crack propagation 
in a-Li0.5Si (Figure 2.12 (a)) and ductile fracture through crack-tip blunting in a-Li2.5Si 
(Figure 2.12 (b)). Tensile strain causes bond breaking in the a-Li0.5Si sample, and such 
bond breaking generates nanoscale voids ahead of the crack tip. Further bond breaking 
results in void coalescence and crack propagation. We note the crack surface is not 
atomically sharp at nanoscale, as an amorphous solid lacks long range order or 
periodicity in its atomic structure. In addition, crack propagates through a void nucleation 
and coalescence mechanism, and the propagation direction is influenced by local shear 














shown in Figure 2.12 (a). In contrast to a-Li0.5Si, a-Li2.5Si exhibits continuous crack-tip 
blunting under applied tensile loading Figure 2.12 (b). This blunting occurs due to 
extensive shear banding developed around the crack tip region in the sample. Comparing 
with crack propagation in a-Li0.5Si, crack-tip blunting in a-Li2.5Si dissipates a large 
amount of energy, resulting in high fracture toughness in Li-rich a-LixSi. These two 
fracture mechanisms have been reported for other amorphous solids [113, 114]. 
 
Figure 2.12 Fracture mechanisms in Li-poor and Li-rich a-LixSi 
precracked samples. Red spheres represent Si atoms, while blue ones 
represent Li atoms. (a) Crack propagation in an a-Li0.5Si sample with a 
precrack at various applied tensile strains. (b) Crack-tip blunting in an a-
Li2.5Si sample with a precrack at various applied tensile strains. 
The MD simulations reveal a brittle-to-ductile transition in fracture mechanisms 
for a-LixSi, which is Li-concentration dependent. In a Li-poor lithiated Si phase, crack 
grows through void nucleation and coalescence, resulting in brittle fracture. In a Li-rich 
 = 0.00%  = 11.10%  = 11.15%  = 11.40%  = 11.50%  = 11.65%






phase, extensive shear banding occurs in the crack tip region, resulting in ductile fracture. 
The origin of such a brittle-to-ductile transition in the fracture mechanisms is that the 
lithiation of Si induces a gradual transition from covalent to metallic bonding in a-LixSi, 
as described in Sections 2.2 and 2.4. Competition between these two fracture mechanisms 
in a-LixSi is related to whether cavitation or shear banding dominates in the region ahead 
of the crack tip. A further interest in the fracture mechanisms is in understanding 
extrinsic controlling factors for the propensity of a-LixSi for void nucleation and 
coalescence or shear banding in front of the crack tip, and this work warrants a more 
detailed study. In addition to the fracture mechanisms, fracture toughness and energy, 
which are important parameters for modeling and design of Si-based electrodes, can be 
calculated by performing MD simulations. 
2.6 Summary 
We have conducted an atomistic study of the mechanical behavior of a-LixSi 
alloys by molecular dynamics with a reactive force field (ReaxFF). We have simulated a 
variety of mechanical deformation processes, including biaxial compression, uniaxial 
tension and compression. The results reveal the effects of stress states and compositions 
on mechanical properties and fracture mechanisms, which are correlated to the atomic 
bonding characteristics. The mechanical behavior of a-LixSi includes elastic softening, 
plastic softening, asymmetry in biaxial yield surface, and a brittle-to-ductile fracture 
transition. Since the a-LixSi alloys undergo a large range of change in composition during 
electrochemical cycling, their mechanical behavior is extremely rich, exhibiting the 




molecular dynamics results in this section provide the atomistic insights for 






3 CHEMO-MECHANICS OF SI ELECTRODES: AN 
ATOMISTIC STUDY 
Recent electrochemical charging/discharging experiments have shown that during 
lithiation Si electrodes undergo dramatic volume expansion, anisotropic expansion, 
lithiation-induced stress generation, and fracture events [3, 6-8, 11-14, 17, 22, 25, 33, 41, 
43, 54]. Understanding such chemo-mechanical behavior of the Si electrodes is critical to 
reducing performance degradation in high-capacity electrodes. In this chapter, we study 
the chemo-mechanical behavior of Si electrodes during the first lithiation of c-Si 
nanopillars (Section 3.1) and the subsequent lithiation of an a-Si thin film after the first 
cycle (Section 3.2). We calculate lithiation-induced stresses by performing MD 
simulations with a ReaxFF. By analyzing the results, we obtain an understanding of (1) 
surface fracture in c-Si nanopillars and (2) stress measurements in a-Si thin film lithiation 
experiments. 
In Section 3.1, we simulate the lithiation of c-Si nanopillars, which features a two-
phase mechanism and anisotropic expansion. The MD simulation results show the 
development of tensile hoop stress at the pillar surface and the directionality of the 
surface stress development. The work provides mechanistic insights into the mechanical 
failure of Si electrodes. In Section 3.2, we simulate the lithiation of an a-Si thin film and 
compare the yield strengths obtained from thin film lithiation with those from pure 
mechanical loading. The results provide mechanistic insights for interpreting experiments 





3.1 Chemo-Mechanical Behavior of c-Si Nanopillars 
TEM experimental characterizations have revealed that the first electrochemical 
lithiation process of c-Si occurs in a two-phase mechanism [17-19]. In the mechanism, a 
sharp phase boundary with a thickness of ~1 nm exists between pristine c-Si and lithiated 
products, a-LixSi alloys, and the lithiation kinetics are controlled by the migration of the 
c-Si/a-LixSi phase boundary, which proceeds through the movement of ledges on close-
packed atomic planes. The a-LixSi alloys are generated through layer-by-layer peeling of 
the {111} atomic facets from a c-Si lattice. Such a ledge mechanism results in 
orientation-dependent mobility of the phase boundary. 
The first lithiation of c-Si nanostructured electrodes, such as nanopillars and 
nanoparticles, are accompanied by dramatic volumetric expansion and anisotropic 
swelling. Such expansion and swelling causes fracture and even pulverization of the 
electrodes. The underlying failure mechanisms have attracted research efforts in 
analytical modeling and numerical simulations [31, 33, 37, 39, 51, 111, 115-117]. These 
works develop continuum approaches based on elasticity- and plasticity theories for 
capturing lithiation-induced stress generation. To link the electrochemical reaction at the 
phase boundary to continuum-level physical processes, the approaches assume that (1) 
lithiation induces elastic and/or plastic deformation at the c-Si/a-LixSi phase boundary, 
and (2) the total strain is decomposed into a chemical part and a mechanical part. The 
approaches worked well for explaining surface cracking and size-dependent fracture in 
the lithiation of c-Si nanopillars and nanoparticles. However, these approaches are 
challenged by a thermodynamic model because of an analysis on stress relaxation 




arise: How to further validate the modeling and simulation results? And do the continuum 
models have major limitations when predicting chemo-mechanical behavior in two-phase 
lithiation? 
To bridge the gap between the atomic-scale processes of two-phase lithiation in c-
Si and the continuum-based approaches, we performed atomistic simulations with a 
reactive force field (ReaxFF) developed for lithiated Si using the large-scale 
atomic/molecular massively parallel simulator (LAMMPS) [98]. The ReaxFF provides 
accurate descriptions of bonding environment in a-LixSi systems, and it is capable of 
capturing the physical properties and the mechanical behavior of a-LixSi alloys (Chapter 
2). In addition, the computational cost of the ReaxFF enables large-scale atomistic 
simulations, which allow a direct output of lithiation-induced morphological evolution of 
nanostructured electrodes and associated stress distributions.  
In this section, we studied the chemo-mechanical behavior of c-Si nanopillars 
during the first lithiation. We simulate the electrochemical reactions of Li and Si through 
a Li-insertion protocol, in which Li atoms are inserted into a c-Si lattice in a layer-by-
layer manner. This protocol is capable of simulating the two-phase lithiation mechanism 
and the anisotropic mobility of the a-LixSi/c-Si phase boundary. We then examine 
resulted morphological evolution and stress generation in the nanopillars. The results 
show the origin of lithiation-induced fracture in c-Si nanopillars, demonstrating that the 
fracture is due to the combined effect of plastic flow, two-phase mechanism, and 





3.1.1 Two-Phase Lithiation 
Focusing on the effect of two-phase lithiation on the mechanical degradation, we 
study the chemo-mechanical behavior of a <111>-oriented c-Si nanopillar. Recent 
experiments have revealed anisotropic swelling in c-Si nanopillars upon lithiation, with 
the largest expansion in its <110> directions [25]. However, for a <111>-oriented c-Si 
nanopillar, there are six equivalent <110> directions within the cross section, such that 
the isotropic lithiation in the nanopillar cross section can be reasonably assumed. With 
the assumption of isotropic lithiation, we investigate lithiation-induced morphological 
evolution and stress generation in the nanopillar using atomistic simulations. 
The initial configuration of the simulated system is a c-Si cylinder. A periodic 
boundary condition is applied along the axial direction of the cylinder. The simulation is 
performed in the plane strain condition by fixing the dimension of the simulation box 
along the cylinder axial direction. To mimic the two-phase lithiation, we develop a Li-
insertion protocol, in which the insertion of Li into the c-Si lattice proceeds in a layer-by-
layer manner, mimicking the two-phase lithiation of a c-Si nanopillar. The protocol 
includes the following steps (Figure 3.1): 
1. Calculate the distribution of Li concentration in the current system; determine 
a target layer, which is to be lithiated in the next step. 
2. Randomly insert Li atoms into the target layer, ensuring that the Li atoms are 




3. Relax the structure and the in-plane stresses in the system. During the 
relaxation simulation, the energy minimization method is used to eliminate the 
thermal effects.  
4. Repeat step 3 multiple times until the system energy reach a local minimum 
and the in-plane stresses are zero. 
5. Repeat steps 1-4 with updated configurations. 
An essential feature of this protocol is that Si atoms are dissociated from the c-Si lattice 
through a layer-by-layer manner, as the insertion of Li is based on Li concentration 
profile. This protocol is capable of forming a core-shell structure in a partially lithiated c-
Si nanopillar, which consists an a-LixSi/c-Si phase boundary that separates an inner core 
of c-Si with an outer shell of a-LixSi (x ≈ 3.75). We note that the simulation using this 
protocol does not take long-range diffusion into account due to time-scale limitations of 
atomistic simulations. 
 
Figure 3.1 Schematic illustration of the Li-insertion protocol for a <111>-
oriented c-Si nanopillar in the atomistic simulation. Li atoms are inserted 
into the c-Si lattice in a layer-by-layer manner, mimicking the two-phase 








Figure 3.2 shows Si atoms on a close-packed {111} atomic plane are dissociated 
from the pristine c-Si lattice in the simulation. During lithiation, Li atoms first occupy 
interstitial sites in the c-Si lattice near the a-LixSi/c-Si phase boundary. As more Li atoms 
are inserted into the target layer, the Si atoms in this layer break away from the c-Si 
lattice. When local Li concentration in the layer reaches a critical value, at which x ≈ 3.75, 
most Si-Si covalent bonds in this target layer are disrupted, resulting in the scenario that 
several Li atoms enclose a single Si atom or a Si-Si pair near the phase boundary.  
 
Figure 3.2 Dissociation of Si atoms on a close-packed {111} atomic plane 
from the c-Si lattice. Si atoms are represented by red spheres, while Li 
atoms are not displayed. During lithiation, the Si atoms enclosed by the 
green dotted line are dissolved into the a-LixSi phase, indicating layer-by-
layer removal of Si atoms. 
Figure 3.3 shows the morphological evolution of a <111>-oriented c-Si nanopillar 
in the lithiation simulation. The initial radius of the nanopillar is 50Å. Upon lithiation, 
each configuration of the nanopillar includes a pristine c-Si core and an a-LixSi shell with 
x ~ 3.75, separated by a phase boundary with a thickness of ~1 nm. Here, we note that the 
assumed isotropic lithiation results in a circular a-LixSi/c-Si phase boundary instead of a 
hexagonal one. Therefore, the evolution of the cross section does not exhibit anisotropic 






Figure 3.3 Morphological evolution of a <111>-oriented c-Si nanopillar in 
the simulation, in which isotropic lithiation is assumed. The development 
of the cross section indicates dramatic volumetric expansion. Red and blue 
spheres represent Si and Li atoms, respectively. 
We then examine stress generation in the nanopillar during the simulated two-
phase electrochemical lithiation. As the stress has axial symmetry with respect to the 
central axis of the nanopillar, we focus on stress distribution along the radial direction. In 
order to determine stress components at a spatial point, we first need to define volumes 
for the stress calculation. We consider a through-thickness bin in the system that which 
has a center located at the point. The bin has in-plane dimensions of 6 Å x 6 Å and 
contains ~60 atoms. Then, we compute stress components in the bin in Cartesian 
coordinates and transformed the stress into cylindrical coordinates. The computed stress 
is considered as that at the center of the bin. 
Figure 3.4 (a) and (b) report the distribution of both hoop stress and hydrostatic 
stress in the <111>-oriented nanopillar at an early stage of lithiation. We highlight three 
regions in the nanopillar: a pristine c-Si core, an a-LixSi shell, and a phase boundary 
between the core and the shell. The shell and the phase boundary are under hoop 




Figure 3.5 (a) and (b) report the radial distribution of hoop stress and hydrostatic 
stress at an intermediate stage of lithiation. The results show that both the hoop stress in 
the surface layer of the nanopillar becomes tensile, indicating that the a-LixSi shell 
undergoes a transition from hoop compression to hoop tension. Such a change in the sign 
of the hoop stress is due to the “push-out” effect [118, 119], which is the lithiation-
induced expansion of the material at the phase boundary pushes out the a-LixSi shell. 
This “push-out” action associated with the curved phase boundary causes further 
displacement of the material in the a-LixSi shell along the outward radial direction and 
simultaneously stretches the material along the hoop direction. As lithiation proceeds, the 
push-out effect becomes large enough, so as to reverse the initial hoop compression in the 
surface layer to hoop tension.  
Figure 3.6 reports the hoop stress and hydrostatic stress in the nanopillar along its 
radial direction in a later lithiation stage. The results indicate that as the phase boundary 
continues moving toward the central axis of the nanopillar, the a-LixSi shell is 
dominantly under tension, and the magnitude of hydrostatic stress at the phase boundary 
increases. In addition, the insertion of Li pushes both sides of the phase boundary. It 





Figure 3.4 Stress distribution along the radial direction of the nanopillar at 
an early stage of lithiation. A core-shell structure is developed in the 
nanopillar. The c-Si core and the a-LixSi shell regions are highlighted by 
pink and yellow rectangles. The phase boundary is highlighted by a green 
rectangle. (a) Radial distribution of hoop stress. (b) Radial distribution of 
hydrostatic stress. 
 
Figure 3.5 Stress distribution along the radial direction of the nanopillar at 
an intermediate stage of lithiation. The nanopillar exhibits a core-shell 
structure. The c-Si core and the a-LixSi shell regions are highlighted by 
pink and yellow rectangles. The phase boundary is highlighted by a green 








Figure 3.6 Stress distribution along the radial direction of the nanopillar at 
a later stage of lithiation. The nanopillar exhibits a core-shell structure. 
The c-Si core and the a-LixSi shell regions are highlighted by pink and 
yellow rectangles. The phase boundary is highlighted by a green rectangle. 
(a) Radial distribution of hoop stress. (b) Radial distribution of hydrostatic 
stress. 
Experimental results have shown that the electrochemical lithiation of <111>-
oriented c-Si nanopillar induces surface cracking [41]. The cracking has been attributed 
to the large hoop tension developed in the surface layer of the a-LixSi shell in classical 
continuum analyses [111, 115, 120, 121]. These works model the electrochemical 
reaction of Li and Si at the c-Si/a-LixSi phase boundary by considering the lithiation-
induced deformation as a strain compatibility problem at the sharp phase boundary. The 
approaches to stress relaxation at the phase boundary are based on the plasticity theory. 
In these approaches, associated volumetric deformations under constrained conditions are 
accommodated by plastic flow. The findings demonstrate that the surface hoop tension is 
developed owing to the combined effect of plastic yielding and the “push-out” action. 
Our atomistic simulations directly mimic the two-phase lithiation in c-Si by using a Li-





“push-out” action, and the results of stress generation indicate the development of surface 
hoop tension. The results of the atomistic simulations are in general consistent with those 
of the continuum analyses. This consistency validates the treatment of the abrupt 
volumetric change at the phase boundary in plasticity based approaches. 
A self-limiting phenomenon in c-Si nanopillars and nanoparticles during the first 
lithiation has been revealed in recent in-situ TEM experiments [23, 24]. The direct time-
dependent experimental measurements of the diameter of a c-Si core have shown that the 
lithiation apparently slows down as the c-Si/a-LixSi phase boundary moves deeply to the 
center of the nanopillar or nanoparticle. The kinetics of the first lithiation in c-Si has been 
studied through combined experimental and theoretical methods [23, 24, 122]. These 
works have suggested the rate of lithiation is controlled by atomic processes at the phase 
boundary and the slowing of the lithiation rate is primarily caused by stress-retardation 
effect. In our atomistic simulations, the magnitude of the hydrostatic compressive stress 
at the phase boundary increases as lithiation proceeds. Such hydrostatic compression 
could retard the lithiation by altering the driving force for the reaction of Li and Si and 
the reaction rate. In addition, our simulation results indicate a hydrostatic stress gradient 
in the a-LixSi shell. The internal layer of the shell undergoes hydrostatic compression. 
The compression could impede Li transport because it reduces the solubility of Li in a-
LixSi. The Li transport could also contribute to the self-limiting lithiation. 
3.1.2 Anisotropic Lithiation 
Recent experiments have shown lithiation-induced swelling in a <111>-oriented 




much larger than that along <111> and <100> directions [25, 41]. In-situ TEM 
experiments have found that the mobility of the c-Si/a-LixSi phase boundary is 
orientation-dependent, with {110} and {112} phase boundaries migrating much faster 
than {111} and {100} boundaries [17, 18]. Including such orientation-dependent 
lithiation in the Li-insertion protocol described in Section 3.1.1, we perform atomistic 
simulations for a <100>-oriented c-Si nanopillar and investigate the effect of anisotropic 
lithiation on the chemo-mechanical behavior. Figure 3.7 shows the schematic illustration 
of the Li-insertion protocol for anisotropic lithiation in a <100>-oriented c-Si nanopillar. 
The protocol takes account of both the two-phase mechanism and the orientation-
dependent phase boundary mobility. During the lithiation simulation, the {110} phase 
boundaries migrate inwards, leaving a square c-Si core. 
 
Figure 3.7 Schematic illustration of the Li-insertion protocol for a <100>-
oriented c-Si nanopillar in the atomistic simulation. Li atoms are inserted 
into the c-Si lattice in a layer-by-layer manner, mimicking the two-phase 
electrochemical lithiation process with orientation-dependent mobility of 








The lithiation simulation including Li insertion and relaxation processes is under 
the plane strain condition. The thickness of the simulation box is maintained ~2 nm. The 
initial radius of the <100>-oriented c-Si nanopillar is 45 Å. Figure 3.8 shows anisotropic 
lithiation-induced expansion of the nanopillar, with lateral expansion along <110> 
directions dominating that along <100> directions. Such morphological evolution of the 
cross section is due to the orientation-dependent migration of the c-Si/a-LixSi phase 
boundary during lithiation in c-Si. 
 
Figure 3.8 Morphological evolution of a <100>-oriented c-Si nanopillar in 
the simulation. The development of the cross section shows anisotropic 
swelling. Red and blue spheres represent Si and Li atoms, respectively. 
Next, we examine the stress generation in the cross section of the <100>-oriented 
c-Si nanopillar. Figure 3.9 reports the hoop stress distribution developed in the nanopillar 
along two different paths: one is from the center of the cross section to the surface along 
a <110> direction (the green path in Figure 3.9), and the other is along a <111> direction 
(the blue path). The simulation results show that during lithiation hoop tension is 
developed in the surface layer of the a-LixSi shell. For each path, the trend of hoop stress 
distribution is similar to that for a <111>-oriented c-Si nanopillar discussed in Section 
3.1.1. However, the surface hoop tension for the blue path is higher than that for the 

















surface layer, and higher hoop tensile stress is developed at the angular sites between two 
adjacent {110} facets in the cross section. Such concentration of hoop tension at the 
particular angular sites arises as a result of the orientation-dependent mobility of the 
phase boundary. At the phase boundaries, a dramatic volumetric expansion occurs owing 
to the electrochemical reaction of Li and Si. Such expansion pushes the lithiated product 
behind the phase boundaries outwards. As a result of the outward pushing normal to the 
{110} phase boundaries, large stretch at the intersections of the adjacent {110} facets are 
generated, leading to the concentration of hoop tension. This concentration of hoop 
tension in the surface layer of the nanopillar may cause surface cracking at the particular 
angular sites.  
 
Figure 3.9 Hoop stress distribution along the radial direction in the 
lithiated <100>-oriented c-Si nanopillar. The inset figure shows two 
selected paths in the cross section for stress distribution profiles: green and 
blue. The green circles represent simulation results for hoop stress along 
the green path, while the blue squares represent simulation results for hoop 

















3.2 Chemo-Mechanical Behavior of a-Si Thin Films 
Our ReaxFF-based MD simulations focus on the chemo-mechanical behavior of 
a-LixSi alloys under concurrent electrochemical lithiation and mechanical deformation. 
Currently, one effective method of measuring the mechanical properties of a-LixSi is to 
test the lithiation stress response of a Si thin film on an inactive substrate (e.g., a Cu 
underlayer on a Si wafer) [19, 32, 55]. Upon electrochemical lithiation, volume 
expansion in the lithiated Si thin film is constrained by the substrate, generating a biaxial 
compressive stress in the film, as shown in Figure 3.10. The film stress can be determined 
from the curvature change of substrate based on the Stoney equation. The lithiation 
stresses measured from such thin film experiments were often taken as the yield strengths 
of a-LixSi alloys in recent literature. Based on the results of these studies, we raise the 
following questions: Can these thin-film stresses well represent the plastic properties of 
a-LixSi alloys? What is the relationship between the yield strength measured from the 
thin-film experiment during lithiation and that from the mechanical deformation of 
biaxial compression, uniaxial tension and compression of a-LixSi after lithiation? 
Considering the limited experimental data available, in this section we address these 
questions with ReaxFF-based MD simulations and provide insights into the chemo-
mechanical behavior of a-LixSi and the effects of loading sequence, namely concurrent 
and sequential electrochemical lithiation and mechanical deformation, on the mechanical 





Figure 3.10 Biaxial stress generation in a Si thin film during lithiation and 
delithiation. Reproduced from Ref. [55]. 
3.2.1 Stress Generation during the Lithiation of a-Si Thin Films 
We perform MD simulations to study the stress generation in an a-Si thin film 
during Li insertion after the first cycle. The atomic structure of a-Si is created by melting 
and quenching of single-crystal Si. To simulate the lithiation response, we take a 
supercell of a-Si as a representative volume element (RVE) in an a-Si thin film, as 
schematically shown in Figure 3.11. This supercell is subjected to period boundary 
conditions. Its size is free to change in the out-of-film direction, but fixed in the plane of 
the thin film, mimicking a RVE in a thin film constrained by the substrate. As the 
lithiation of a-Si occurs in a single phase mechanism [44] and the film thickness is small, 
we assume Li concentration in the film is uniform during the lithiation process. We 
randomly insert 20 Li atoms at a time and then relax the system at 300K for 10 ps. The Li 
concentration is approximately uniform in the system, excluding the concentration 
gradient-induced stress. This process of insertion and relaxation is repeated until the Li 























step of Li insertion and relaxation. The MD simulations show that both the atomic 
structures and associated stresses are insensitive to the specific scheme of Li insertion, 
i.e., the number of Li atoms at each insertion and frequency of insertion. 
 
Figure 3.11 Schematic illustration of the lithiation of an a-Si thin film 
constrained by the substrate before and after lithiation. As a result of the 
in-plane geometrical constraint, a representative volume element in the 
film undergoes colossal expansion in the out-of-film direction. 
During the MD simulations, the volume increase associated with Li insertion is 
mostly accommodated by free expansion in the out-of-film direction. Figure 3.12 shows 
the atomic structures of pristine a-Si, a partially lithiated phase of a-LiSi, and fully 
lithiated a-Li3.75Si. The starting system of a-Si consists of 432 Si atoms, and the final one 
of a-Li3.75Si a total of 2052 Li and Si atoms in the supercell. The dimension of the 
supercell along the out-of-film direction increases dramatically, and the in-plane 
dimensions remain the same because of the constraint to the supercell. Figure 3.13 shows 
that the atomic structure characteristics of a-Si and a-Li3.75Si in terms of radial 
distribution function (RDF), angular distribution function (ADF), and ring statistics, with 
the dominant features consistent with previous quantum calculations [27, 30] and 









that the atomic structure undergoes a transition from a random covalent network of Si-Si 
bonds to one similar to metallic glasses. 
 
Figure 3.12 MD simulated atomic structures of pristine a-Si, a-LiSi, and 
a-Li3.75Si, showing the colossal expansion in the out-of-film direction. Red 
and blue spheres represent Si and Li atoms, respectively. During Lithiation, 
in-plane dimensions of the system remain the same. 
 
Figure 3.13 Characterization of atomic structures of a-Si and a-Li3.75Si in 
terms of radial distribution function (RDF), angular distribution function 




Figure 3.14 shows that the a-LixSi thin film initially experiences a sharp increase 
in the in-plane biaxial compressive stress with increasing Li concentration (the blue 
squares and the blue curve). This stage of stressing is dominated by elastic compression, 
which arises from the geometrical constraint on the supercell that suppresses the 
lithiation-induced expansion in the film plane. The biaxial compression reaches a 
maximum of -6.5 GPa at x ~ 0.2, indicative of the onset of plastic yielding. Further 
lithiation causes a decrease in the magnitude of the film stress, indicating the decrease of 
the yield stress with increasing Li concentration. Such plastic softening can be attributed 
to the decreasing fraction of the strong covalent Si-Si bonds that resist against bond 
switching and ensuing plastic flow [51], as well as the concomitant increase of the weak 
metallic Li-Li bonds that facilitate plastic flow.  
Overall, the trend of change of the film stress from MD is similar to that from 
experimental measurements. However, the magnitude of the MD-simulated compressive 
film stress is higher at the corresponding Li concentration. For example, the 
experimentally measured peak value was about -1.9 GPa at x = 0.2 [51]. This quantitative 
difference can be attributed to the short MD simulation time scale that limits the extent of 
stress relaxation. Nevertheless, MD simulations capture the dominant feature of plastic 





Figure 3.14 Lithiation-induced biaxial compressive stress in the film as a 
function of Li to Si ratio, x. Squares represent the MD results, and the blue 
curve is the numerical fitting. The error bars are due to the results of 
several configurations at a fixed Li concentration. Red circles represent 
the stresses calculated from an alternative loading mode, i.e., biaxial 
compression of an initially stress-free a-LixSi RVE (Section 2.4). 
3.2.2 Concurrent and Sequential Loading 
In this section, we discuss the effect of loading sequence on the mechanical 
properties of a-LixSi and address the questions raised in the beginning of Section 3.2. 
Figure 3.15 shows schematic illustrations of two different loading modes: concurrent 
loading, i.e., electrochemical lithiation and mechanical deformation occur concurrently 
(Figure 3.15 (a)), and sequential loading, i.e., electrochemical lithiation and mechanical 
deformation occur sequentially (Figure 3.15 (b)). We then examine the stresses obtained 
from both concurrent and sequential loading when the two loading modes generate same 
final products. In Section 2.4, m
Y  denotes the yield strength from the mechanical (m) 
deformation of biaxial compression, and cm
Y  denotes the yield strength from thin-film 













Figure 3.15 Schematic illustrations of two loading modes: (a) concurrent 
and (b) sequential loading. (a) Electrochemical lithiation and mechanical 
deformation occur concurrently. One example of concurrent loading is the 
lithiation of a Si thin film. (b) a-Si is lithiated to a-LixSi under a stress-free 
condition. Then, the a-LixSi is subjected to pure mechanical loading.  
To compare m
Y  with 
cm
Y , we add 
m
Y  in Figure 3.14 as a function of Li 
concentrations (the red circles and the solid line). It is seen that the yield strengths of m
Y  
from biaxial compression are consistent with those of cm
Y  from thin-film lithiation, by 
noting that the time scales achievable in MD simulations are similar for the two cases 
studied. This consistency indicates that the steady state flow stress during the mechanical 
deformation of an a-LixSi alloy can be effectively taken as its yield strength, even under 


















We have studied the chemo-mechanical behavior of Si electrodes during 
electrochemical lithiation using atomistic simulations with a reactive force field. The 
atomistic simulations are able to capture the key features of the chemo-mechanical 
behavior, such as morphological evolution and stress generation during electrochemical 
lithiation. First, we have investigated the chemo-mechanical behavior of c-Si nanopillars 
by accounting for a two-phase lithiation mechanism and anisotropic lithiation. We have 
shown the development of tensile hoop stress at the surface of the lithiated nanopillars, 
which may result in fracture and cracking in the nanopillars. The hoop tension generated 
during lithiation is due to the combined effect of plastic flow, the two-phase mechanism, 
and anisotropic mobility of the a-LixSi/c-Si phase boundary. Second, we have 
investigated the chemo-mechanical behavior of an a-Si thin film electrode. We have 
shown lithiation in the thin film induces biaxial compressive stress. Initially, the 
magnitude of the stress increases as Li concentration in a-LixSi increases, and this 
behavior is dominated by elastic deformation. Then the magnitude decreases as Li 
concentration further increases, and this decrease in the magnitude is caused by plastic 
softening in a-LixSi. The findings in this work suggest that the chemo-mechanical 
behavior of high-capacity nanostructured electrodes must be taken into account for 




4 ATOMISTICALLY-INFORMED CONTINUUM MODELING 
The electrochemical lithiation of high-capacity nanostructured electrodes involves 
species transport, reaction at the phase boundary, phase transformation, microstructural 
evolution, stress generation, and cracking formation. To develop continuum models that 
capture essential features of the lithiation-induced fracture and failures in the electrodes, 
we need to understand key atomic-level processes in lithiation and incorporate 
controlling mechanisms. In this Chapter, we first develop continuum models to simulate 
the lithiation process in the nanostructured electrodes (Section 4.1). Then, we apply the 
models to the study of two-phase lithiation and associated stress generation in both 
crystalline and amorphous Si anodes (Section 4.2). The continuum modeling studies 
incorporate atomic-level lithiation mechanisms by tightly coupling with in-situ TEM 
experiments and atomistic simulation results. The modeling studies together with in-situ 
experiments reveal unexpected electrochemical reaction mechanisms and novel failure 
mechanisms in Si anodes during charge and discharge cycling. 
4.1 Physical-Based Model: Diffusive Reaction and Large Deformation 
The rates of charging and discharging in lithium-ion batteries (LIBs) are critically 
controlled by the kinetics of Li insertion and extraction in solid-state electrodes. Silicon is 
being intensively studied as a high-capacity anode material for LIBs. However, the 
kinetics of Li reaction and diffusion in Si remain unclear. Recent in-situ TEM 
experiments have provided direct measurements of the nanoscale growth kinetics in 
lithiated Si, by measuring the rate of growth of a surface layer of a-LixSi in c-Si 




attributed to the retardation effect of the lithiation-induced stress. In Section 4.1.1, we 
report a theoretical study of the lithiation kinetics in individual Si nanowires. This work 
has implications for the design of nanostructured electrodes for achieving high capacity 
and rate in LIBs. 
Another critical issue associated with those high-capacity electrodes is the large 
volume change during Li insertion and extraction, e.g., ~ 310% for Si. The resulting high 
stresses can cause fracture and pulverization of electrodes, thus limiting the cycle life of 
LIBs. To address these issues, it is essential to understand how the stress arises and 
evolves in lithiated materials. In Section 4.1.2, we develop a model to study the stress 
generation in the electrodes subjected to lithium insertion. The model accounts for both 
large plastic deformation and the coexistence of lithium-poor and lithium-rich phases 
with a sharp phase boundary. Such two-phase and inelastic deformation characteristics 
often arise during lithiation of crystalline particles with high capacity. Our work 
highlights the important effects of plastic deformation, phase boundary-mediated 
lithiation mechanism, finite curvature of particle geometry, and large lithiation strain at 
the phase boundary, which can critically control the stress generation and fracture in 
high-capacity electrode materials for lithium ion batteries. 
4.1.1 Diffusion and Reaction 
Experiments show that Li insertion into Si nanomaterials, such as nanowires and 
nanoparticles, occurs through the growth of a-LixSi (x ~ 3.75) [17, 18, 25, 54]. Such a Li-
rich amorphous product is separated from the pristine c-Si by an atomically sharp phase 




nanowire/nanoparticle surface and must diffuse across the a-LixSi layer, which grows 
with increasing thickness. While the lithiation processes have been studied by various 
experimental techniques, the kinetics of lithiation in Si nanomaterials remain unclear. 
From both the experimental [24, 122, 123] and modeling standpoints [121, 124-126], 
there is currently a strong need to quantify the lithiation kinetics in Si. 
Recent in-situ TEM experiments have investigated the lithiation kinetics in c-Si 
nanoparticles and nanowires with different initial diameters [23, 24]. Taking advantage of 
the large contrast in electron transparency between crystalline and amorphous phases, 
real-time imaging through TEM allows a direct measurement of the growth rate of a-
LixSi at the nanoscale. The measurements of the positions of the c-Si/a-LixSi phase 
boundary during lithiation have revealed the self-limiting lithiation, which is that the 
migration of the phase boundary slows down during the lithiation process (Figure 4.1 (a) 
and (b)). Such self-limiting lithiation was attributed to a stress-retardation effect. These 
works raise a series of fundamental questions: Is the slowing of the lithiation rate 
primarily caused by the stress retardation effect on Li reaction at the phase boundary or 
Li diffusion in the lithiated a-LixSi layer? How is the slowing of the lithiation rate 
affected by the curved phase boundary and the applied voltage? And what is the size 





Figure 4.1 Lithiation kinetics of c-Si nanowires. (a) Plots of measured etch 
depth and diameter of a c-Si nanowire, SiNW_A in Ref [23], and 
thickness of the a-LixSi shell versus time. (b) Plots of measured etch depth 
and diameter of another c-Si nanowire, SiNW_B in Ref [23], and 
thickness of the a-LixSi shell versus time. The growth of a-LixSi slowed 
down in both nanowires during the long lithiation process. Reproduced 
from Ref. [23]. 
Focusing on the intrinsic chemical lithiation behavior of Si nanomaterials, we 
outline a general theory of solid-state reactions involving the moving phase boundaries 
[127, 128]. To highlight the essential physics, we first consider a simplified geometry 
where a planar film of a-LixSi (  phase) grows between the pure phases of Li ( ) and Si 
a
b
etched depth into Si
thickness of LixSi





(  ), as shown in Figure 4.2 (a). The growth kinetics of the a-LixSi alloy layer is 
determined by two types of processes: (1) the diffusion of Li across the a-LixSi alloy 
layer with increasing thickness; (2) the reaction at the phase boundary that usually 
involves a reaction barrier. Figure 4.2 (b) shows that in the diffusion-controlled limit, the 
Li concentration at the phase boundary is given by the equilibrium values of 
eqC  and 
eqC , defined in terms of the common tangent of the free energy curves, as schematically 
shown in Figure 4.2 (c). The corresponding rate-controlling parameter is the inter-
diffusion coefficient D  in the lithiated alloy. Because the mobility of Li is usually much 
higher than that of Si, D  can be reasonably regarded as the Li diffusivity. Figure 4.2 (b) 
also shows that in the reaction-controlled limit, the actual concentrations at the phase 
boundaries are 
eqCC    and 
eqCC   , respectively. The associated rate-controlling 
parameter is the interfacial reaction rate constants of   and  . Between the two limits, 

















where the effective interfacial reaction constant   is   /1/1/1   and the 
growth  coefficient 
H
 is 
)/(1)/(1 eqeq CCCCH   . Eq. (4.1) reveals the key 
dimensionless parameter, 
DX / , that governs the aforementioned reaction- and 
diffusion-controlled limits. Namely, when 
1/ DX  , the interface reaction 









  (4.2) 
where   HCCM
eqeqi )(  . Integration of Eq. (4.2) gives the thickness X  
proportional to t , called the linear growth. When 1/ DX  , this is the regime of 








  (4.3) 
where  HCCDM
eqeqd )(   and )/(1)/(1
eqeqeqeq CCCCH   . Integration of Eq. 
(4.3) yields the thickness X  
proportional to t , called the parabolic growth. It should 
be noted that for conceptual clarity the above variables are all defined in terms of the 
reference state of pure Si, as opposed to the current lithiated state. For example, the Li 
concentration is the number of Li per reference volume in pristine Si and X  is the 





Figure 4.2 Free energy and concentration profile governing the growth of 
an amorphous LixSi layer, adapted from Gosele and Tu [127, 128]. (a) The 
product phase of LixSi ( ) grows in between the parent phases of Li ( ) 
and Si (  ).(b) Li concentration profile through the thickness of the 
multilayer, showing the limits of the interface reaction control and the 
diffusion control.  The equilibrium Li concentration in   and   phase is 
denoted by eqC
 and eqC
, respectively; within the layer of   phase, the 
equilibrium concentrations at the    and    interface are denoted 
as eqC
 and eqC
, respectively. These concentrations can be determined by 
the common-tangent method in the plot of free energy as a function of Li 
concentration, as schematically shown in (c). 
In the experiments in Ref. [23], the initial radius of a Si nanowire (SiNW), B, the 
current radius of lithiated a SiNW, b, and the current radius of Si core, A, were all 
directly measured. As a result, one can study the time-dependent thickness of the lithiated 












































ABX  ) or in the current state (i.e., the a-Li3.75Si shell, Abx  ). Formulation in 
terms of the reference state is often adopted in continuum mechanics for problems with 
large deformation. Such an approach avoids the complication on Li flux arising from 
volume expansion. The following analyses will be performed on the basis of the 
reference state. However, given the one-to-one correspondence between X  and x  
measured in experiments, the final results will be presented in terms of the current 
thickness, which is more intuitive.  
We then apply the above theory to analyze the measured lithiation kinetics in a 
nanowire, SiNW_A in Ref. [23]. Recall that lithiation occurs through the core-shell mode, 
i.e., a shell of a-LixSi grows with concomitant shrinkage of a c-Si core. Figure 4.3 reveals 
that the tapering of the Si core is negligibly small in the longitudinal direction, suggestive 
of considerably faster Li diffusion on the surface than in the bulk. On this basis we focus 
on the radial lithiation within a representative cross section of SiNW_A by taking the 
surface Li concentration as a boundary condition. As such, the 3D lithiation problem is 
reduced to 2D. Moreover, recent experiments have revealed the anisotropic swelling in c-
Si nanowires and microslabs upon lithiation, with the largest expansion in the <110> 
direction [18, 25, 54]. However, for a <111>-orientated SiNW, there is a high number of 
(i.e., six) equivalent <110> directions within the cross section, such that the isotropic 
lithiation in the nanowire cross section can be reasonably assumed. Hence the 2D 
analysis is further reduced to 1D in the radial direction. As such, the following analyses 





Figure 4.3 Morphological evolution of a Si nanowire, SiNW_A in Ref. 
[23], in 4 hours during lithiation. Reproduced from Ref. [23].  
We note that the rate of growth of the a-LixSi shell (as given by the slope of the 
blue curve in Figure 4.1 (a)) is not constant in SiNW_A. The origin of such non-linear 
growth cannot be clearly determined at the moment of this study. This is because the 
lithiation-induced compressive stress in the a-LixSi layer could dominantly retard either 
the Li diffusion in the shell or the reaction of Li and Si at the core-shell interface, or the 
c-Si/a-LixSi phase boundary. To shed light on the stress-lithiation coupling, we consider 
both the limits of diffusion- and reaction-control, respectively.  
First, we assume that the growth kinetics are controlled by Li diffusion. Taking 
the Li concentration at the nanowire surface 
sC , as a prescribed boundary condition, we 












  (4.4) 
Numerical integration of Eqs. (4.3) and (4.4) yields the time law of growth, i.e., thickness 















To account for the self-limiting behavior of lithiation in SiNWs, we note that the 
c-Si/a-LixSi phase boundary is curved. Our analysis indicates that the self-limiting of 
lithiation cannot be simply explained by a geometrical curvature effect, which leads to 
the increased circumferential length with radial distance. This is shown in  (b) by the 
large discrepancy between the experimental data and the modeling result (green dashed 
line) from direct numerical integration of Eqs. (4.3) and (4.4) with the geometrical 
curvature effect incorporated. Apparently, the measured data is highly nonlinear and 
deviates from the classic linear or parabolic relation [127-129]. We attribute the 
discrepancy between experiment and modeling to the stress retardation effect that will be 
accounted for in Eqs. (4.3) and (4.4), rather than inadequate parameter optimization. 
 
Figure 4.4 Modeling of stress generation and self-limiting lithiation in a 
SiNW. (a) Computed radial stress distribution at the cross section, 
including the radial 
r , hoop  , axial z , and hydrostatic compression 
3/)( zrp     components, which are normalized by Young’s 
modulus. The radial distance is normalized by the cross-sectional radius of 
the SiNW. The dashed line indicates the current location of the core-shell 
interface. Inset shows the schematic of the cross section of a partially 












of the a-LixSi shell versus time: comparison between experiment (circles) 
and modeling that includes the stress-retardation effect (blue line); also 
shown is the fitting curve (green dashed line) from the stress-free model 
where the stress-independent diffusivity is optimized to improve the 
overall quality of fitting. 
To rationalize the slowing of the phase boundary migration, we note that large 
compressive stress can develop in the lithiated shell, owing to geometrical constraints 
from the unlithiated c-Si core, as shown in Figure 3.4 (b) and Figure 3.5 (b). At this 
moment, the stress evolution in lithiated Si cannot be quantitatively evaluated, due to a 
lack of experimentally measured chemo-mechanical properties of a-LixSi such as 
chemical strains of Li insertion and elasto-plastic properties. All of those properties 
depend sensitively on Li concentration and possibly on crystal orientations [20, 36]. 
Nevertheless, we employ a chemo-mechanical model, as described in detail in Section 
4.1.2, to qualitatively capture the dominant feature of lithiation-induced stresses in 
SiNWs when the two-phase mechanism of lithiation is involved. In Figure 4.4 (a), we 
plot the representative results of lithiation-induced stresses, showing the large hydrostatic 
compression generated in the lithiated shell. 
To evaluate the impact of the lithiation-induced compressive stress, we assume, in 
a first approximation, a uniform hydrostatic compression p  within the lithiated shell. 
Then the effective diffusivity can be expressed as )/exp(0 TkpDD B , where 0D  is 
the Li diffusivity at zero stress,   is the activation volume of Li diffusion, and TkB  is 
the thermal energy. As shown in Figure 4.4 (a), the uniform pressure p represents a 
reasonable approximation, when the lithiated shell is thin. However, the pressure p can 




This has been recently shown to be caused by the increasing importance of the curvature 
effect of the reaction front, i.e., the lithiation-induced volume expansion at the curved 
reaction front pushes out materials in the lithiated shell, leading to the reversal of hoop 
stress from the initial compression to tension in the shell. In SiNW_A, the slowing of the 
reaction front occurs when the lithiated shell is thin, such that the use of a uniform p is 
reasonably justified. Furthermore, during the early stage of lithiation, the pressure p  
increases as the lithiated shell thickens. This arises similarly owing to the effect of the 
curved reaction front, namely, the lithiation-induced pressure at the reaction front has to 
increase in order to push out the materials in the thickening shell. To account for the 
effect of increasing pressure in the lithiated shell, we rewrite the above stress-dependent 
Li diffusivity as 
 ])/(exp[0
 BXDD r  (4.5) 
where B denotes the initial radius of the SiNW and is introduced to normalize rX . In Eq. 
(4.5),   and   are the dimensionless fitting parameters. This empirical formula involves 
a stretched exponential function, giving the effective diffusivity that decreases with 
increasing shell thickness. As shown in Figure 4.4 (b), the modeling results can well 
match the experimentally measured values of rX  as a function of time. The fitting 
parameters are 5  and 2 . The effectiveness of Eq. (4.5) suggests a strong non-
linear influence of lithiation-induced stresses on the lithiation kinetics, while the linear 
stress effect has been usually assumed in previous models of stress-diffusion coupling for 
Si electrodes. In addition, we obtain the fitting value of s/cm10 2130
D , corresponding 




diffusivity is extracted indirectly and should be considered as an estimate. Moreover, the 
Si substrate also absorbs Li, thus affecting the Li concentrations at the surface of 
SiNW_A and accordingly the driving force of Li diffusion into the bulk of SiNW_A. 
These effects cannot be quantitatively evaluated at this moment. Nevertheless, our 
estimated diffusivity is reasonably close to the reported experimental values in the 
literature (in the range of 1310  to s/cm10 212 ), considering that various factors such as 
doping could change the lithiation rate.  
Although the self-limiting lithiation might be caused by the stress-retarded 
diffusion owing to the high compressive stresses generated in the lithiated shell, the 
present experimental results cannot exclude the possible cause of self-limiting lithiation 
by the stress-retarded interface reaction. To evaluate the interface-reaction limit, we 
assume that the Li reaction at the nanowire surface is faster than in the bulk, and thus take 
the surface Li concentration of SiNW, 
sC , as a prescribed boundary condition. It follows 














  (4.6) 
where the Li concentration C  at the core-shell interface has been approximated by sC . 
Similar to the above diffusion-limited case, we adopt an empirical function to represent 
the non-linear effect of lithiation-induced pressure at the core-shell interface, i.e., 
])/(exp[0

  BX r , where 0  denotes the rate constant at the reaction front at 
zero stress; this relation physically reflects the fact that the pressure at the core-shell 




and accordingly lowering the reaction rate. Figure 4.5 shows that the modeling result well 
matches the experimentally measured values of rX  as a function of time. The fitting 
parameters are 0
10105   m/s, 6  and 2 . 
 
Figure 4.5 Comparison between experiment and modeling in terms of the 
lithiated shell thickness versus time, assuming that the self-limiting 
lithiation is controlled by stress-retarded interface reaction. Also shown is 
the modeling result without the stress effect (green line). 
We note that the lithiation-induced stress generally affects both the 
thermodynamics (e.g., diffusion potential) and kinetics (e.g., energy barrier) of 
diffusion/reaction simultaneously. In the above analyses of diffusion/reaction control, we 
adopt the Arrhenius rate relation to account for the stress retardation effect. This 
approach allows us to directly fit the measured data of lithiation kinetics and also renders 
a strong non-linear influence of stress on lithiation. In the future, it is interesting to study 
the relationship between such a kinetic approach and the thermodynamic analysis in 




4.1.2 Large Deformation Elastic-Plastic Constitutive Modeling 
Recent experiments indicate that plastic deformation can readily occur in the 
high-capacity electrode materials during lithiation [34, 55, 130]. Interestingly, in-situ 
TEM experiments have revealed that lithiation often proceeds through Li diffusion and 
electrochemical reactions at phase boundaries [17-19]. For example, the TEM images in 
Figure 4.6 show the formation of a core-shell structure in a partially lithiated Si 
nanoparticle, which consists of a two-phase boundary that separates an inner core of c-Si 
with an outer shell of a-LixSi (x ~ 3.75). The observation of such a sharp phase boundary 
suggests that the Li-poor and Li-rich phases do not transform continuously into each 
other with changing composition. Namely, there is a large solubility gap between the two 
phases, manifested as an abrupt change of Li concentrations across the phase boundary. 
Moreover, Figure 4.6 (b) reveals the formation of a surface crack, indicating the 
development of hoop tension in the surface layer during Li insertion. While theoretical 
models have been developed to analyze the Li diffusion, reaction, and associated stress 
states in lithiated materials [125, 131-141], the effects of large plastic deformation and 
two-phase microstructures on the stress generation are not yet well understood. Here, we 





Figure 4.6 In-situ TEM observation of lithiation and cracking in a c-Si 
nanoparticle. (a) A c-Si nanoparticle is in contact with a W electrode and a 
Li metal counter electrode, whose surface is covered with Li2O acting as a 
solid electrolyte. (b) Under an applied voltage between the two electrodes, 
Li quickly covers the particle surface and then flows radially into the 
particle, forming the structure of a pristine inner Si core (black) and an a-
LixSi (x ~ 3.75) shell (grey) with a sharp phase boundary in between. The 
lithiation-induced swelling causes crack initiation from the particle surface. 
Reproduced from Ref. [17]. 
Nanomaterials, such as nanoparticles and nanowires, are being intensively studied 
as the basic building blocks of electrodes for LIBs [142]. This is motivated by the notion 
that the nanometer size scale can shorten the diffusion path and enable facile strain 
relaxation, thus enhancing both the rate capability and flaw tolerance of the nanomaterial-
based electrodes [13, 105, 143]. In this section, we focus on the stress generation 
associated with a curved two-phase boundary, i.e., core-shell interface, which arises 
frequently during lithiation of nanoparticles and nanowires. It is important to note that 
lithiation at a moving core-shell interface affects not only the local stress states, but also 











dramatic effect on the fracture behavior of lithiated nanoparticles, e.g., leading to 
cracking in the outer surface during Li insertion, as shown in Figure 4.6 (b). 
To focus on the essential physical effects of lithiation on stress generation, we 
adopt a simple elastic-plastic model to evaluate the deformation and stress states during 
Li insertion [138]. The total strain rate, 











is the chemical strain rate caused by lithiation and is proportional to the rate of 




    (4.8) 
where 
ij  
is the lithiation expansion coefficient and c varies between 0 (pristine Si) and 1 
(fully lithiated Li3.75Si). In Eq. (4.7), 
e
ij  denotes the elastic strain rate and obeys Hooke’s 
law, 
  ijkkijeij vv
E
   )1(
1
 (4.9) 
where E is Young’s modulus, v is Poisson’s ratio, 1ij  when ji  and 0ij  otherwise, 
repeated indices mean summation. In Eq. (4.7), the plastic strain rate, 
p
ij , obeys the 
classic J2-flow rule. That is, plastic yielding occurs when the effective stress, 
2/3 ijije   , equals the yield strength Y , where 3/ijkkijij    is the 







  (4.10) 
where   is a scalar coefficient and can be determined by solving the boundary value 
problem. 
We study the evolution of a two-phase core-shell particle and associated stress 
generation by using finite element simulations. We employ a non-linear diffusion model 
for simulating the two-phase core-shell structure in the finite element package ABAQUS . 
To capture the co-existence of Li-poor and Li-rich phases, we assume that diffusivity D is 
non-linearly dependent on the local Li concentration c. Note that our diffusion 
simulations mainly serve to generate a sequence of core-shell structures for stress 
analysis, rather than provide a precise description of the dynamic lithiation process, 
which would be difficult due to lack of experimental measurements for model calibration. 
To this end, we take a simple non-linear function of  ccDD  2)1/(10 , where 0D  is 
the diffusivity constant and   is tuned to control the concentration profile near the 
reaction front.  On the basis of the free energy function of a regular solution model, 
 )1ln()1(ln)1( ccccccf  , the above formula of diffusivity D is derived 




0 / dcfcdDD  . In diffusion simulations, the normalized Li 
concentrations behind the reaction front can quickly attain the high values (slightly below 
1), while those ahead of the front remain nearly zero. This produces a sharp reaction front 
that is consistent with experimental observation, thereby providing a basis of further 
stress analysis. It should be noted that a small gradient of lithium concentration still exists 




so as to advance the reaction front toward the particle center. Finally, we emphasize that 
the above non-linear diffusivity function is entirely empirical, and taken as a numerical 
convenience for generating a sharp phase boundary for stress analyses. In the future study, 
a mechanistically based model is needed to characterize both the phase boundary 
migration and Li diffusion in each phase.  
We have numerically implemented both the above diffusion model and the 
elastic-plastic model in this section in ABAQUS. The Li and stress-strain fields are 
solved with an implicit, coupled temperature-displacement procedure in 
ABAQUS/Standard. That is, the normalized concentration is surrogated by temperature 
and the lithiation expansion coefficient 
ij  
is equivalently treated as the thermal 
expansion coefficient. The user material subroutine for heat transfer (UMATHT) is 
programmed to interface with ABAQUS to update diffusivities based on the current Li 
concentration (i.e., temperature). The Li distribution and accordingly elastic-plastic 
deformation are updated incrementally. In finite element simulations, we take 95.1
and assign a constant Li concentration 1c
 
at the surface; the alternative flux boundary 
condition gives similar results of stress generation. For numerical stability, the maximum 
of D
 
is capped at 
0
410 D . The axis-symmetric condition is used to reduce the 
computational cost in ABAQUS. 
We choose the material properties that are representative of high-capacity 
electrode materials such as Si: yield stress EY 05.0  and Poisson’s ratio 3.0v . It is 
important to emphasize that a physically-based assignment of lithiation strains is not yet 




dilational, we take the lithiation expansion coefficients 26.0  r , yielding a 
volume increase by ~ 100%. Effects of lithiation strains on the stress generation will be 
further studied later by examining a limiting case of uniaxial lithiation strain in the radial 
direction. In addition, we take the rate sensitivity exponent 01.0m  to approximate the 
rate-independent limit, and the effective strain rate constant 001.00 
p . 
 
Figure 4.7 Numerical results of a two-phase particle with dilational 
lithiation strain from finite element modeling. (a) Radial distributions of 
normalized Li concentration c. (b-c) Radial distributions of the von Mises 
effective stress e , radial stress r , and hoop stress     (normalized 
by Young’s modulus E) 
 Figure 4.7 (b) and (c) show the simulated results of radial stress distributions that 












development of the tensile hoop stresses in the surface layer in the late stage of lithiation, 
Figure 4.7 (c), and such hoop tension reverses the initial compression, Figure 4.7 (b). 
Correspondingly, the core is first subjected to hydrostatic tension and later changed to 
hydrostatic compression. This change results from the buildup of hoop tension in the 
surface layer, as well as the requirement that the integrated hoop stresses over any cross 
section must be zero in a free-standing particle. 
Previous studies of oxidation-induced stresses have indicated that correct 
assignment of the oxidation strain is important to understanding the stress generation 
[118, 144]. It has been noted that the assumed dilational oxidation strain would cause a 
large strain mismatch between the oxidized and un-oxidized materials at a sharp phase 
boundary, where the oxygen concentration changes abruptly. To reduce the mismatch 
strain and associated strain energy, the reactive layer model [144] has been proposed, 
where the oxidation-induced swelling can become uniaxial along the normal direction of 
the phase boundary. It has been suggested that during Si oxidation, the reactive layer can 
be as thin as a few atomic layers, and the oxidation occurs through a series of bond 
reconstructions within the layer. From the standpoint of continuum mechanics modeling, 
such an interfacial process can be effectively represented by assigning a uniaxial 
oxidation strain to the material swept by the moving reactive layer. In other words, the 
oxidation-induced swelling in a particle can be assumed to occur only in the radial 
direction, normal to the core-shell interface, and further straining of the material behind 
the moving phase boundary is mainly caused by the push-out effect, as discussed earlier. 
Motivated by the above analysis of the oxidation strains, we study the effect of 




processes of strain transformation at the phase boundary are not yet clear. In order to 
compare with the results obtained from the assumed dilational lithiation strain in Figure 
4.7, we take the same volume increase by ~ 100%, i.e., the lithiation expansion 
coefficients 1r , and 0   . Figure 4.8 (a) and (b) show the calculated stress 
distributions that correspond to the two Li profiles in Figure 4.7 (a), respectively. In both 
plots, one can identify the approximate location of the phase boundary where the hoop 
stress begins to deviate from a constant value in the core. 
 
Figure 4.8 Effects of the uniaxial lithiation strain on stress generation in a 
two-phase particle with the same radial distributions of Li as Figure 4.7 (a). 
(a) Same as Figure 4.7 (b) except that the lithiation strain is uniaxial. (b) 
Same as Figure 4.7 (c) except the lithiation strain is uniaxial. 
Comparing Figure 4.8 with Figure 4.7, we notice the following similarities and 
differences in stress states between the cases of dilational versus radial lithiation strains 
in a two-phase particle. As lithiation proceeds, the lithiated shell can readily achieve 
plastic yielding in both cases, underscoring the importance of plasticity in stress 
generation in the high-capacity electrode undergoing large lithiation-induced swelling. 











subjected to hydrostatic compression. Within the lithiated shell, the hoop stress is 
compressive near the phase boundary, but it increases sharply and continuously, such that 
the tensile plastic yielding is achieved within a small radial distance, and the hoop tension 
further increases all the way to the particle surface.  In contrast, in the case of dilational 
lithiation strain, Figure 4.7 shows that the core is first subjected to hydrostatic tension, 
and later changed to hydrostatic compression as lithiation proceeds. Within the lithiated 
shell, near the phase boundary the hoop stress decreases sharply and almost 
discontinuously, such that the hoop stress becomes compressive and plastic yielding is 
achieved. This hoop compression is reversed to tension at the larger radial distance due to 
the push-out effect, as discussed earlier. 
The above results, regarding both the stress states in the core and near the phase 
boundary for the early stage of lithiation, agree qualitatively with those from an elastic 
model of oxidation-induced stresses [118], for both cases of radial and dilational 
lithiation strains. Hsueh and Evans have clearly explained why the core is subjected to 
hydrostatic compression in the case of radial oxidation strain, while the hydrostatic 
tension develops in the core in the case of dilational oxidation strain. Since a similar 
stress development is predicted in the early stage of lithiation, it is instructive to briefly 
review their explanations here. The key to understanding the stress buildup in the core is 
to first consider the deformation of the oxide (i.e., equivalent to the lithiated shell) in its 
“unconstrained” state, i.e., the oxide shell is assumed to detach from the core. In the case 
of dilational oxidation strain, the tangential component of the oxidation strain induces an 
unconstrained outward radial displacement, and the hydrostatic tension in the core results 




interface. In contrast, the radial oxidation strain would induce the mixed tangential 
tension and compression in the unconstrained state of oxide. The hydrostatic compression 
in the core results from the negative traction imposed to achieve displacement continuity 
at the core-shell interface. Here it should be noted that while the analysis by Hsueh and 
Evans provides a direct physical appreciation of the stress states under different 
assumptions of oxidation strains, their work is only limited to elastic deformation. In 
contrast, the present model accounts for the plastic deformation that can readily develop 
during the lithiation of candidate high-capacity anode materials (Si, Ge, SnO2, etc.), as 
shown in recent experiments [21, 22, 34, 130]. 
Finally, we note that both dilational and radial lithiation strains represent the 
limiting case of coarse-graining the effective transformation strains associated with Li 
insertion at the atomically sharp phase boundary. The main difference in the predicted 
stress states between the two cases only lies in the early-stage response, as discussed 
above. In fact, the contrast of the stresses in the core predicted by the two cases, i.e., 
hydrostatic tension versus compression, suggests an experimental route of testing which 
assumption of lithiation strain is more appropriate, e.g., by measuring the elastic lattice 
strain in the core through high resolution TEM or electron diffraction experiments. 
Nevertheless, despite the somewhat different stress distributions between the two cases, 
the two-phase models can well capture the physical effect of large swelling at the phase 
boundary. Namely, the hoop tension develops in the surface layer due to the push-out 
effect, in a manner similar to inflation of a balloon causing its wall to stretch. The buildup 
of large hoop tension in the surface layer provides the main driving force of surface 




In summary, we have studied the stress generation in a lithiated particle, 
accounting for both plastic deformation and the coexistence of Li-poor and Li-rich phases 
with a sharp and curved phase boundary. A key finding from this work is that the tensile 
hoop stress can develop in the lithiated shell even during Li insertion. This hoop tension 
originates from the lithiation-induced swelling at the sharp phase boundary with finite 
curvature, which often arises during lithiation of the crystalline material with curved 
geometry, such as Si nanoparticles and nanowires. The large hoop tension in the outer 
layer can consequently trigger the morphological instability and fracture in electrodes. 
Our work also reveals how the predicted stress states are affected by different 
assumptions of lithiation and deformation mechanisms, including the dilational versus 
radial lithiation strain, and the two-phase versus single-phase lithiation mechanism. Our 
results of lithiation-induced stresses provide a mechanics basis for further studying a 
wide range of lithiation-related phenomena, e.g., anisotropic swelling in Si nanowires 
[21], nanoporosity evolution in Germanium (Ge) nanowires [34], and size effect on 
fracture in Si nanoparticles [17]. 
4.2 Lithiation of Si-Based Electrodes 
Silicon is an attractive high-capacity anode material for Li-ion batteries [2, 3, 5, 
13, 45]. However, insertion of Li into Si causes large volume expansion of approximately 
280% at the full capacity (Li3.75Si) at room temperature. The issue of volume expansion 
is particularly significant in Si electrodes that have been often fabricated from crystalline 
Si (c-Si). This is because lithiation of c-Si occurs through a two-phase mechanism, i.e., 




boundary [17, 18, 24, 54]. A large change of Li concentration across this amorphous-
crystalline interface of about 1 nm in width can cause drastically inhomogeneous volume 
expansion, leading to high stress, pulverization and capacity loss [6, 25, 41, 54]. In 
Section 4.2.1, we will show that the two-phase lithiation mechanism and orientation-
dependent migration of the c-Si/a-LixSi phase boundary are key reasons for the 
mechanical degradation in c-Si nanostructured anodes during electrochemical lithiation. 
Amorphous silicon (a-Si) is being intensively studied as a high-capacity anode 
material for next-generation lithium-ion batteries. Its lithiation has been widely thought to 
occur through a single-phase mechanism with gentle Li profiles, thus offering a 
significant potential for mitigating pulverization and capacity fade. In-situ transmission 
electron microscopy (TEM) experiments have discovered a surprising two-phase process 
of electrochemical lithiation in a-Si. The lithiation occurs by the movement of a sharp 
phase boundary between the a-Si reactant and an amorphous LixSi (a-LixSi, x ~ 2.5) 
product. Such a striking amorphous-amorphous interface exists until the remaining a-Si 
is consumed. Then a second step of lithiation sets in without a visible interface, resulting 
in the final product of a-LixSi (x ~ 3.75). In Section 4.2.2, we will show that the two-
phase lithiation can be the fundamental mechanism underpinning the anomalous 
morphological evolution of micro-fabricated a-Si electrodes, i.e., from a disk shape to a 
dome shape. Our results represent a significant step toward the understanding of the 
electrochemically-driven reaction and degradation in amorphous materials, which is 





4.2.1 Lithiation of Crystalline Si Electrodes 
Figure 4.9 (a) shows a typical core-shell (c-Si core/a-LixSi shell) structure in a 
partially lithiated c-Si nanoparticle [58]. The original size of the nanoparticle is around 
160nm. In the nanoparticle, the inner unlithiated core exhibits a hexagonal shape with 
{110} facets, which arises due to the fastest lithiation rate of the {110} faces in c-Si. The 
thickness of the lithiated shell is apparently orientation dependent, further evidencing the 
strong anisotropy in swelling during lithiation. Figure 4.9 (b) – (c) indicates that fracture 
occurs in a late stage of lithiation in the a-LixSi shell. In contrast with c-Si, a-Si exhibits 
robustness during lithiation. Recently, electrochemical lithiation experiments of a-Si 
nanoparticles with a wide range of diameters up to 870 nm and a-Si pillars with a few 
microns in diameter have been conducted [44]. For these a-Si nanoparticles and 
nanopillars, it has been generally recognized that the surface layer of the lithiated samples 
undergoes large hoop tensile deformation during lithiation. However, in these 
experiments, no cracking and fracture were observed in lithiated a-Si samples. This is 
contrast to the easy fracture induced by lithiation in large c-Si nanostructures, which is 
essentially related to the crystallographic effects on lithiation responses. The difference in 
the orientation dependence of lithiation between c-Si and a-Si has a significant impact on 
their fracture behavior. To appreciate the significance of such orientation-dependent 
lithiation, it is essential to understand why the large c-Si nanoparticles undergoing 
anisotropic swelling are fragile, but the a-Si nanoparticles undergoing isotropic swelling 
are not. To address this question in a clear and complete manner, it is necessary to review 





Figure 4.9 Lithiation-induced anisotropic swelling and fracture in a c-Si 
nanoparticle. The original size of the c-Si nanoparticle is about 160nm. (a) 
A partially lithiated Si nanoparticle showing the hexagon-shaped c-Si core 
with the {110} facets. (b - c) Fracture occurred in a late stage of lithiation. 
The well-defined fracture sites are indicated by green circles. Reproduced 
from Ref. [58]. 
First, despite compressive stress generated near the c-Si/a-LixSi phase boundary, 
large lithiation-induced expansion occurring at the curved phase boundary pushes out the 
material behind it, giving rise to a large hoop tension in the surface layer. This hoop 
tension drives the formation and propagation of surface cracks [17, 21]. Second, for a 
particle, whose size is comparable to the surface flaw size, the driving force of surface 
cracking, i.e., energy release rate, is dependent on the particle size [17, 29]. Such a size-
scaling explains the existence of a critical particle size, above which fracture occurs upon 
lithiation. While surface cracking and size dependence of fracture have been rationalized, 
the effects of anisotropic lithiation on fracture are not accounted for in the 
aforementioned analyses [17, 21]. Here, we show that the lithiation anisotropy is critical 
to the fragility of c-Si. In this regard, a key observation from the in-situ TEM 
experiments of lithiation in c-Si nanoparticles is the symmetry breaking of fracture along 














sites (indicated by green circles in Figure 4.9 (a-c)). These angular sites are located on the 
diameter planes (dashed line in Figure 4.10) that pass through the opposite vertices of the 
hexagon-shaped c-Si core. Such well-defined fracture planes have also been reported in 
recent experiments for c-Si nanopillars [41], showing the fracture sites consistent with 
our observations. This fracture characteristic implies the existence of intensified hoop 
tension in these planes, which likely originates from the anisotropic lithiation strain. 
Figure 4.10 provides a schematic illustration for the development of the intensified hoop 
tension. At each {110} facet of the c-Si/a-LixSi phase boundary, the anisotropic lithiation 
strain could be dominated by large expansion normal to the facet. Such anisotropic 
lithiation can result in a gap between the neighboring domains, if the domains are 
assumed to be lithiated independently. Then, to maintain material coherency (i.e., 
deformation compatibility), the large hoop tension arises near the interface plane of the 
neighboring domains in order to close the gap, as shown in Figure 4.10. 
 
Figure 4.10 Development of an intensified hoop tension near the fracture 
plane (indicated by the pink dashed line). When the anisotropic expansion 
occurs independently on each of {110} facets, a gap will form between the 
neighboring domains (black blocks) in the lithiated shell. Closing the gap 















To further appreciate the symmetry-breaking of the fracture in the circumferential 
direction as dictated by the anisotropy of lithiation strain, we invoke a recently developed 
continuum chemomechanical model to simulate the concurrent processes of phase 
transformation and stress evolution during lithiation of a nanowire. The use of the 
nanowire geometry simplifies the analysis, while capturing the essential physics. In the 
model, the total strain  consists of three parts, , where the chemical 
strain  (where c is the local Li concentration and  is the expansion 
coefficient),  is the elastic strain, and  is the plastic strain. Here, the diagonal 
components of  are allowed to take different values in the local coordinate system 
where the x1 axis is along the <110> direction normal to the reaction front and the x2 axis 
along the transverse direction of <112>. The anisotropic  physically reflects the 
anisotropy of the lithiation strain that occurs at the sharp reaction front of {110} facet, 
and computationally mediates the anisotropy of the total strain , as dictated by the 
requirement of deformation compatibility. In Figure 4.11, we show the simulated Li 
distribution c (giving the core-shell structure with {110} facets) and the associated hoop 
stress  under two different assumptions of chemical strain: one is isotropic (with 
4.02211   ) and the other is anisotropic (with 7.011  and 2.022  ), and both give 
rise to the same volume increase of ~ 100%. In the former case (Figure 4.11 (b)), the 
hoop tension  is almost uniform along the circumferential direction, which indicates 
that fracture, if occurred, would be possible at any surface location. Contrarily, non-
uniform hoop tension develops in the latter case (Figure 4.11 (d)), with  intensified 

























Figure 4.11 Chemomechanical modeling of the core-shell structure and 
stress generation in the cross section of a lithiated wire, showing the effect 
of the anisotropy of lithiation strain. (a - b) correspond to 11 = 22 = 0.4; 
(c - d) 11 = 0.7 and 22 = 0.2. (a - c) Li concentration normalized by the 
maximum of a-Li3.75Si, c. (b - d) Hoop stress normalized by Young’s 
modulus,  . A strong anisotropy of the lithiation strain can cause the 
intensified local hoop tension in the fracture plane observed in the TEM 
images in Figure 4.9. 
The highly anisotropic lithiation strain in c-Si is correlated with the orientation-
dependent lithiation reaction rate at the c-Si/a-LixSi phase boundary. While TEM 
experiments have shown that the lithiation of a {110} phase boundary in c-Si involves 
step-by-step ledge flow on the inclined, close-packed {111} atomic layers, it remains 
unclear as to what the exact local atomic arrangement of the a-LixSi product on the c-Si 
{110} phase boundary is. The atomistic origin of anisotropic lithiation strain thus 












At the continuum level, the lithiation strain should be generally larger in the 
normal direction than the tangential direction at the reaction front, owing to the constraint 
of the unlithiated core. However, considering the strong orientation-dependence of the 
reaction rate in c-Si, it is conceivable that a strong anisotropy in the lithiation strain could 
possibly develop at the c-Si/a-LixSi phase boundary. On the other hand, given the 
orientation-independence of the lithiation reaction rate in a-Si, the lithiation strain is 
expected to be more isotropic in a-Si than that in c-Si. As a result, the smaller anisotropy 
of the lithiation strain can effectively suppress the buildup of the high, non-uniform stress, 
giving rise to the tough response during the first lithiation of a-Si. 
Discussions on anisotropic lithiation-induced strain 
The present large-strain elastic-plastic modeling emphasizes that lithiation-
induced anisotropic deformation is a key factor for the development of non-uniform 
distribution of hoop stress in c-Si nanopillars. In the continuum model and numerical 
simulations, an anisotropic expansion coefficient  is adopted to promote the lithiation-
induced anisotropic deformation. In other plasticity-based continuum models, the 
intrinsic lithiation-induced strain is assumed isotropic by utilizing an isotropic expansion 
coefficient, and such lithiation-induced deformation also results in concentration of hoop 
stress [111, 122, 145]. Although the isotropic expansion coefficient in these works is 
isotropic, the lithiation-induced large plastic strain occurring at the very sharp c-Si/a-
LixSi phase boundary is highly anisotropic and tends to be normal to the phase boundary 
due to the constraints from the unlithiated c-Si core. Such anisotropic plastic strain 
promotes highly anisotropic deformation and induces the concentration of hoop stress. 





boundary and the atomistic origin of the anisotropic lithiation deformation remain unclear. 
The atomistic processes at the phase boundary during the electrochemical reaction of Li 
and Si warrant further study in the future. 
4.2.2 Lithiation of Amorphous Si Electrodes 
To mitigate the degradation associated with the two-phase lithiation in c-Si, 
considerable efforts have been devoted to its amorphous counterpart [8, 14, 109, 142, 
146-148]. Amorphous Si (a-Si) is intuitively thought to eliminate two-phase regions, 
resulting in a continuous Li reaction and homogenous volume expansion. However, 
whether lithiation of a-Si occurs by a single-phase or two-phase mechanism remains 
unclear [149-151]. A further interest in this question arises from the experiment reported 
in Ref. [147], which reveals anomalous shape changes during the electrochemical 
lithiation of patterned a-Si disk electrodes. 
In situ TEM experiments of the electrochemical lithiation of a-Si have directly 
revealed a two-phase mechanism that occurs by movement of a sharp phase boundary 
between the a-Si reactant and an a-LixSi (x ~ 2.5) product [44]. It is unexpected to 
observe such an amorphous-amorphous interface (AAI), which has been rarely seen in 
the literature of solid-state phase transformations [152-154]. Unique to the lithiation of a-
Si, there exists an abrupt change of Li concentration across the phase boundary that 
renders a marked contrast in electron transparency between the two coexisting 
amorphous phases, thereby facilitating the discovery of the AAI through in situ TEM. 
Upon the completion of two-phase lithiation, a second step of lithiation occurs in a-LixSi 




with a total volume expansion of about 280%. Nevertheless, the predominance of two-
phase lithiation appears to be the key to anomalous shape growth in micro-fabricated a-Si 
electrodes, as shown by our chemo-mechanical modeling. 
Figure 4.12 shows the anomalous shape changes of a patterned a-Si electrode 
during electrochemical lithiation [44, 147]. The as-fabricated electrode consisted of an 
array of equally-spaced circular micro-disks on a titanium (Ti) coated quartz substrate, as 
revealed by the scanning electron microscope (SEM) image in Figure 4.12 (a). Each disk 
had a thickness of 500 nm and a diameter of 5 μm and the distance between the 
neighboring disks was also 5 μm. Electrochemical lithiation was conducted with the 
patterned a-Si electrode, and SEM images were taken to follow the morphological 
evolution during various stages of lithiation (Figure 4.12 (b)-(c)). Figure 4.12 (d) shows 
the normalized voltage profile during the first lithiation, in which the red dots marked as 
“a” through “c” correspond to the SEM images shown in Figure 4.12 (a) – (c), 
respectively.  
The growth of the a-Si disk electrodes upon lithiation was highly anisotropic, 
with the vertical expansion dominating the lateral one. The most striking shape change 
was the anomalous non-uniform expansion, namely, the vertical expansion of the disk 
electrode increased markedly with decreasing radial distance, resulting in a final dome 
shape at the conclusion of lithiation. From both SEM imaging and atomic force 
microscope (AFM) measurement, we estimate the volume expansion around 280%, 
confirming an approximately full lithiation to a-Li3.75Si [147]. In addition, the base of the 




the occurrence of interfacial sliding or plastic flow in the metallic substrate for 
accommodating the radial growth [109, 148]. 
 
Figure 4.12 Anomalous shape growth of electrochemically lithiated a-Si 
disk electrodes. (a) SEM image of as-fabricated a-Si disk electrodes. (b) 
An intermediate state of a representative disk electrode during 
electrochemical lithiation. (c) A fully lithiated disk electrode exhibiting 
the dome-like shape. (d) Normalized voltage versus lithiation capacity. A 
full lithiation corresponds to the formation of a-Li3.75Si. Red dots indicate 
the states shown in the SEM images of (a-c), respectively. Reproduced 
from Ref. [44, 147]. 
In situ electrochemical lithiation experiments inside a TEM have been conducted 
to directly visualize how a-Si was lithiated [44]. The in situ TEM experiments have 
revealed an unexpected two-phase process of electrochemical lithiation in a-Si. The 
results suggest the average value of x in the a-LixSi phase to be about 2.5. In addition, in 
situ TEM results have shown that the a-Si/a-LixSi two-phase boundary exists until the 




































~ 2.5) without a visible interface, resulting in the final product of a-LixSi (x ~ 3.75) with 
a total volume expansion of ~ 280%. 
The disruption of a covalent Si network, either crystalline or amorphous, is 
generally known to be difficult. This is because of the strong covalent Si-Si bonding, e.g., 
the energy needed to remove a Si atom from the c-Si surface has been measured to be a 
large fraction of the formation energy of a vacancy (2.4 to 3.5 eV, Ref. [129]), resulting 
in a low rate of Si dissociation from the Si network at room temperature. Incidentally, 
recent in-situ high resolution TEM experiment has revealed a two-phase lithiation 
mechanism of c-Si to a-LixSi through the movement of a sharp amorphous-crystalline 
phase boundary (Figure 4.13 (a)), facilitated by layer-by-layer ledge flow at the c-Si 
surface [17]. While the atomic structure of a-Si lacks the long-range order, it consists of a 
continuous random network of Si atoms. The local bonding environment in a-Si is similar 
to that of c-Si (Figure 4.13 (b) and (e)), in the sense that both a-Si and c-Si involve the 
strong, directional Si bonding with a small number of mis/over-coordinated defects. As a 
result, in both cases the local Li concentration near the phase boundary should be high in 
the Li-rich a-LixSi phase, so as to facilitate a process of several Li atoms enclosing a 
single Si or a Si-Si pair at the surface of c-Si or a-Si [99, 155], as illustrated in Figure 
4.13 (c) and (f). The previous study of silicide formation indicates that a group of 
metallic atoms (Li in this case) can collectively weaken the Si-Si covalent bonding by 
electron transfer [129]. Hence, the Li “flocking” at the amorphous-amorphous phase 
boundary is expected to lead to easy dissociation of the Si atom from the covalently 





Figure 4.13 Comparison of the two-phase lithiation mechanism in c-Si and 
a-Si. (a) A high resolution TEM image showing a sharp phase boundary 
between the reactant of c-Si and the product of a-LixSi [18]. (b) A 
snapshot from molecular dynamics simulation showing the atomic 
structures near the amorphous-crystal phase boundary. The Li 
concentration is locally high near the surface of c-Si (red) and a group of 
Li atoms (green) collectively weaken the strong Si-Si covalent bonding, 
thereby facilitating the dissolution of Si atom from c-Si surface, as 
schematically shown in (c). (d) A high resolution TEM image showing a 
sharp phase boundary between a-Si and a-LixSi (x ~ 2.5). Reproduced 
from Ref. [44]. (e) A snapshot from molecular dynamics simulation 
showing the atomic structures near the amorphous-amorphous interface. 
The a-Si consists of a continuous random network of Si atoms. Similar to 
(b), the Li concentration is locally high near the surface of a-Si. (f) 
Schematics showing the proposed mechanism of dissolution of Si atoms 






















We first simulate the two-phase lithiation that results in a-Li2.5Si. The evolution 
of phase and microstructure is modeled by the non-linear diffusion of Li, as described in 
detail in our recent work. In finite element simulations of Li diffusion, the disk electrode 
is initially pristine and subjected to a constant Li flux 0I  at the surface. The normalized 
Li concentration behind the reaction front can quickly attain the high value (around 
67.0c , corresponding to a-Li2.5Si), while that ahead of the front remains nearly zero. 
This produces a sharp reaction front, consistent with the experiment observation. To 
describe the lithiation-induced deformation, we adopt an elastic and perfectly plastic 
model. The total strain rate, 






ijij    . Here, 
c
ij  
 denotes the chemical strain rate caused by lithiation and is proportional to the rate of 
the normalized Li concentration, c . That is, cij
c
ij
   , where 
ij  
is the coefficient of 
lithiation-induced volume expansion. We assume that the outer surface of the disk 
electrode is traction free, and the interface shear strength is constant between the 
electrode and rigid substrate. We also test the case of an elastic-perfectly plastic substrate 
with a perfectly bonded interface. The two interface conditions give nearly 
indistinguishable results of the final dome shape, though the detailed distributions of 
shear stresses near the interface are slightly different. The above diffusion and elastic-
perfectly plastic model is numerically implemented in the finite element package 
ABAQUS. We also simulate the second step of single-phase lithiation that forms a-
Li3.75Si. In contrast to the aforementioned two-phase lithiation, we employ a constant 
diffusivity, giving a gentle variation of Li profiles. The axis-symmetric condition is used 




Li3.75Si; the yield stress EY 03.0 , where E is Young’s modulus, and Poisson’s ratio 
3.0v . 
On the basis of the newly discovered two-phase lithiation in a-Si, our continuum 
chemo-mechanical simulation readily produced a dome shape during lithiation of the a-Si 
disk electrode shown in Figure 4.12 (c). Figure 4.14 (a) – (c) shows the snapshots of Li 
distributions and associated shape changes in a disk electrode undergoing two-phase 
lithiation. These results suggest two dominant factors that control the dome shape growth. 
Firstly, the sharp phase boundary between a-Si and a-LixSi (x ~ 2.5) is responsible for 
anisotropic swelling by effectively promoting the vertical expansion while suppressing 
the lateral expansion. This arises from the drastic change of Li concentration across the 
phase boundary. That is, in order to minimize the strain mismatch between the unlithiated 
and lithiated phases, the lithiation strain occurring at the phase boundary tends to align 
with the local normal direction of the phase boundary. Note that the disk electrode in the 
experiment features a large aspect ratio between diameter and height, so that the majority 
of the phase boundary is parallel to the substrate, as shown in Figure 4.14 (b). As a result, 
the lithiation-induced expansion occurs dominantly in the vertical direction. In addition, 
assuming a finite shear strength against interfacial sliding between the disk electrode and 
substrate [109, 148], our simulations capture the radial expansion of about 20%, as 





Figure 4.14 Chemo-mechanical simulation of morphological evolution in 
an a-Si disk electrode during lithiation. (a-c) The first step of two-phase 
lithiation to form a-Li2.5Si, showing both the Li profile and shape growth: 
(a) a pristine a-Si electrode on a Ti substrate; (b) an intermediate state, 
showing the simulated amorphous-amorphous interface (AAI); and (c) a 
state close to the final a-Li2.5Si. A drastic change of Li concentration 
occurs across the sharp AAI between a-Si and a-Li2.5Si. Note that the 
remaining pristine a-Si undergoes a marked shrinkage in the radial 
direction. Contour indicates the normalized Li concentration of c; a-Si and 
a-Li2.5Si correspond to c = 0 and 0.67, respectively. (d-e) The second step 
of single-phase lithiation to form a-Li3.75Si: (d) an intermediate state, 
showing the smooth and gentle Li distribution; and (e) the final state of a-
Li3.75Si. To display the gradual change of Li concentrations in (d-e), a 
color map different from (a-c) is used, with a-Li3.75Si corresponding to c = 
1. 
Secondly, the decreasing diameter of the unlithiated a-Si disk dictates the dome 
shape growth. Figure 4.14 (a) – (c) show that as lithiation proceeds, the diameter of the 
unlithiated a-Si disk decreases, due to simultaneous in-flow of Li from both the top and 
side surfaces. This leads to a progressive decrease of the area of the phase boundary that 
is parallel to the substrate. The vertical expansion occurs mostly at this part of phase 



















electrode. As a result, the dome shape develops, featuring a markedly increased vertical 
expansion with decreasing radial distance to the disk center. It should be noted that the 
second step of lithiation, either by a single-phase or two-phase reaction, will not 
qualitatively change the final result of formation of a dome shape in the lithiated disk 
electrode. For example, we simulated the second step of lithiation from a-Li2.5Si to a-
Li3.75Si by assuming a single-phase reaction with gentle Li profiles. As shown in Figure 
4.14 (d) – (e), the electrode with an already dome shape further expands in a nearly self-
similar manner, giving a final volume expansion of ~ 280% at the conclusion of lithiation 
to a-Li3.75Si. 
Finally, we note that while the anomalous shape growth in the micro-fabricated a-
Si electrode is rationalized in terms of the effects of two-phase lithiation, its origin 
requires further study regarding the influence of the lithiation stress on Li diffusion, 
reaction and deformation. At this point we cannot exclude the possibility that the dome-
like shape would arise from the single-phase lithiation with gentle Li profiles, owing to 
the volume expansion mediated by the lithiation stress. Moreover, our chemo-mechanical 
simulations indicate that the stress effect on shape growth should be secondary compared 






Figure 4.15 Chemo-mechanical simulation of morphological evolution of 
an a-Si disk electrode during lithiation, assuming the single-phase 
lithiation mechanism. (a-c) Snapshots showing the Li profile and shape 
growth. Contour indicates the normalized Li concentration, c: a-Si and a-
Li3.75Si correspond to c = 0 and 1, respectively. 
The occurrence of a sharp amorphous-amorphous interface during the 
electrochemical lithiation of a-Si is attributed to the need for a high local Li concentration 
at the phase boundary so as for it to break Si atoms away from the covalently bonded a-Si. 
The two-phase lithiation can cause the anomalous morphological change of micro-
fabricated a-Si electrodes. Our work represents an important advance in the fundamental 
understanding of the working mechanisms of the high-capacity, amorphous electrodes in 
lithium-ion batteries [156, 157]. 
4.3 Summary 
We have developed a physical-based model to simulate Li transport in the a-LixSi 
phase, reaction of Li and Si at the sharp phase boundary, phase transformation, 












modeling studies are tightly coupled with the experiments that provide atomic-scale 
mechanisms to gain mechanistic insights into electrochemically-driven structural 
evolution and degradation in Si anodes. We have applied this model to the following 
topics: 
First lithiation of c-Si 
The chemo-mechanical behavior of c-Si nanoparticles and nanopillars during the 
first lithiation was studied with the model developed in Section 4.1. Through a stress 
analysis, we conclude that the anisotropy of the lithiation-induced deformation causes the 
non-uniform stress in the hoop direction in lithiated c-Si nanoparticles and nanopillars, 
leading to fracture in the well-defined planes. Our study of the anisotropic lithiation-
induced deformation and fracture sheds light onto the mitigation of electrochemically-
induced mechanical degradation in high-capacity electrode materials. Going beyond the 
c-Si studied herein, it can be followed that a-Si nanoparticles and nanopillars should 
remain relatively robust upon lithiation because of the lack of crystallography-related 
anisotropy in lithiation reaction. Interestingly, this prediction is consistent with a recent 
experimental observation [44]. Eliminating the anisotropy of the lithiation strain by 
amorphization thus presents a novel pathway to prevent the mechanical degradation in 
high-capacity electrode materials for advanced Li-ion batteries. 
First lithiation of a-Si 
Motivated by the anomalous morphological evolution of a-Si disk electrodes 
during electrochemical lithiation, our modeling studies elucidate the underlying 




discovered two-phase lithiation mechanism in a-Si, which is in stark contrast to the 
widely believed single-phase mechanism in amorphous metals and alloys, causes the 
unexpected morphological evolution. Our work represents an important advance in the 
fundamental understanding of the electrochemical lithiation mechanisms in high-capacity 
amorphous materials in Li-ion batteries. Broadly, the demonstrated capability of 
predictive chemo-mechanical modeling combined with experimental characterization 






5 CHEMO-MECHANICS OF MULTILAYER ELECTRODES 
Nanostructured composites have great potential for applications in electrodes of 
rechargeable Li-ion and Na-ion batteries (NIB and KIBs) [5, 16, 61-67]. Utilizing 
nanostructured composites can enhance the performance of an electrode by minimizing 
side reactions with electrolytes, increasing electrical conductivity, as well as confining 
volume expansion. However, the structural complexity of composite electrodes may 
cause mechanical degradation of the electrodes due to compatibility issues between 
different materials. In this chapter, we will present modeling studies of the 
electrochemically-driven chemo-mechanical behavior of nanostructured composite 
electrodes. 
In Section 5.1, we present chemo-mechanical modeling studies of hollow carbon 
nanofiber (CNF) anodes during sodiation. The CNFs are hollow and consist of a bilayer 
structure of a disordered-carbon (d-C) outer layer enclosing a crystalline-carbon (c-C) 
inner layer. We investigate the origin of the sodiation-induced geometrical changes of the 
CNFs and longitudinal cracks near the c-C/d-C interface. In Section 5.2, we present the 
modeling studies of lithiation process of SiO2-coated Si nanowire anodes. We investigate 
this chemo-mechanical behavior of the SiO2-coated Si nanowires using continuum 
modeling. The modeling results elucidate the dynamic process of lithiation-induced 
structural evolution, phase transformation and surface fracture of SiO2-coated Si 
nanowires, which are observed in in-situ TEM electrochemical lithiation experiments. 
Our results provide mechanistic insight into the electrochemical reaction, microstructural 





5.1 Sodiation of Bilayer Carbon Nanofibers 
In-situ experiments of electrochemically-driven sodiation of CNFs have been 
conducted by using an all-solid nano-battery setup inside a TEM [158]. Figure 5.1 
presents the microstructures of a hollow bilayer CNF before and after the beam-blank 
sodiation. For the pristine hollow CNF, its inner diameter is about 130 nm and wall 
thickness is about 63 nm (Figure 5.1 (c)). After full sodiation, the inner diameter 
decreases to 116 nm and the outer diameter increases to 263 nm. As a result, the total 
wall thickness increases to 73.5 nm, owing to sodiation-induced volume expansion. In 
addition, sodiation causes an increase of the thickness of the c-C layer from 25.5 nm to 
29 nm, which corresponds to an average radial and volume strain of 13.7% and 6%, 
respectively. Similarly, the thickness of the d-C layer increases from 37.5 nm to 44.5 nm, 
which corresponds to an average radial and volume strain of 18.7% and 18.7%, 
respectively. Hence, the sodiated d-C exhibits about three times volume expansion of c-C, 
thus suggesting a much higher storage capacity of Na ions in d-C than c-C. Incidentally, a 
thin layer of Na2O (2~3 nm thick) is observed to quickly form on the CNF surface 
(Figure 5.1 (d)) while the bulk sodiation is still ongoing, thus suggesting fast surface 
diffusion of Na on CNFs. Figure 5.1 (e) presents the line scan profiles across the CNF 
after sodiation, and the green arrows indicate the peak positions of Na and C intensity 
profiles. Na and C exhibit different spatial distributions, i.e., the Na intensity reaches a 
peak in the middle of the CNF wall and decreases gradually away from the peak, while 





Figure 5.1 Geometry and structural changes of a bilayer CNF during 
sodiation under a beam-blank condition. (a, c) Pristine CNF. (b, d) 
Sodiated CNF. (e) The line scan profiles of C and Na across the CNF after 
sodiation. The green arrows point to the peak positions of Na and C 
intensity profiles. Reproduced from Ref. [158]. 
To understand the geometrical changes in CNFs, it is essential to elucidate the 
mechanism of strain generation and accommodation during sodiation. Particularly, one 
needs to explain the origin of the decreasing inner radius of the tube, as seen from Figure 
5.1 (c) – (d). This result is somewhat counterintuitive, because one would expect that the 
sodiation-induced volume increase tends to cause an outward expansion of the tube that 
would result in an increase of the inner radius. To explain this unexpected result, we 
develop a continuum chemomechanical model to simulate the concurrent processes of Na 
diffusion and mechanical deformation. In the model, the strain at any material point ij  is 




ijij   , where 
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by Na insertion under a stress-free condition and 
m
ij  is the elastic strain due to 
chemically-induced mechanical deformation. The components of chemical strain 
c
ij  
depend on the underlying atomic processes of Na insertion in c-C and d-C. A physical 
assignment of the appropriate values for 
c
ij  is critical to explain the sodiation-induced 
geometrical changes. We note that c-C consists of parallel graphene layers, and interlayer 
expansion is the primary deformation mode upon Na insertion. Hence, we assume the 
chemical strain 
c
ij  is highly anisotropic with only one non-zero component perpendicular 
to graphene layers, i.e., in the radial direction of a CNF. In contrast, d-C consists of 
patches of few-layered graphene that are approximately aligned in the radial direction of 
a CNF [159]. As a result, the chemical strain, 
c
ij , in d-C C is similarly assumed to be 
highly anisotropic with only one nonzero component in the radial direction. In addition, 
because the longitudinal elongation of the CNFs is negligibly small in TEM experiments, 
the plane strain condition is assumed in the axial direction.  
Finite element simulations based on the above chemomechanical model predict 
the geometrical changes in sodiated bilayer CNFs (Figure 5.2 (a) – (b)) that agree with 
experimental measurements. From the experimental data of volumetric chemical strains 
(being 6.0 and 18.7% in c-C and d-C layers, respectively) and considering the anisotropic 
nature of chemical strains as discussed above, we take 06.0
, Cccr , 0
,,   Cccz
Ccc   
for c-C, and 187.0
, Cdcr , 0
,,   Cdcz
Cdc   for d-C. In our simplified elastic model, 
the radial displacement depends on Poisson’s ratio (ν = 0.2), but is independent of 





ru  as a function radial distance r. It is seen that ru  is negative in the c-C 
layer and so is 
ru  at the c-C/d-C interface. In the c-C layer, ru  becomes positive with 
increasing r and reaches the maximum at the outer surface of the tube. These modeling 
results are consistent with the experimental measurements (circles in Figure 5.2 (b)), and 
their numerical differences arise possibly due to a neglect of plastic strains in our model. 
It should be noted that previous studies have emphasized the critical role of chemical 
strain anisotropy in stress generation [58, 115, 118]. This work also supports the notation 
of anisotropic chemical strain, which results from the layered graphene lattice. At the 
moment of this study, the stress in the system cannot be quantitatively predicted, because 
the in-situ TEM setup is incapable of measuring the mechanical properties of nano-sized 
electrodes. 
 
Figure 5.2 Chemo-mechanical modeling of sodiation-induced geometrical 
changes in a hollow bilayer CNF. (a) Schematic of cross section of the 
tube before sodiation, where rin and rout are respectively the inner and 
outer radius of the tube, and rint is the radius of the c-C/d-C interface. (b) 
Predicted radial displacement ur versus radial distance r (blue solid line), 
















Mechanical degradation in electrodes is usually an important cause of the 
irreversible capacity loss in rechargeable batteries [43]. The in-situ TEM study of these 
bilayer CNFs during sodiation has revealed mechanical degradation through formation of 
interface cracking [158]. Upon sodiation, a crack nucleates from the contact point 
between the CNF and Na2O/Na electrolyte (Figure 5.1 (b)). As sodiation proceeds, the 
crack propagates from one end to the other end of the CNF along its axial direction. Such 
cracking behavior suggests that the unique bilayer structure, along with the hollow 
geometry, plays an important role in crack formation during sodiation of CNFs. Such 
interface cracking might be responsible for capacity fading in the initial charge/discharge 
cycles. Our chemo-mechanical modeling results show the development of compressive 
radial stress at the CNF at the c-C/d-C interface. Such compressive stress suggests that 
the cracking may be caused by lithiation-induced shearing between the c-C and d-C 
layers. 
5.2 Lithiation of SiO2-Coated Si Nanowires 
In-situ lithiation experiments of SiO2-coated <111>-oriented c-Si nanowires 
indicate that the lithiation of a SiO2-coated Si nanowire is a complicated dynamic process 
(Figure 5.3). This process involves lithiation in both the Si nanowire and the SiO2 coating 
layer. Upon lithiation, these two active materials, Si and SiO2, undergo volume expansion, 
phase transformation, evolution of physical properties, large-strain mechanical 
deformation, as well as geometrical constraints from each other. Although recent research 
efforts have been made on SiO2-coated Si anodes [60, 62], we note that the lithiation-




works [60, 62]. However, the current in-situ TEM experimental results and the chemo-
mechanical modeling studies show that the lithiation of SiO2 plays an important role in 
the structural integrity of these coated nanowire anodes. In this section, we focus on the 
role of lithiation of SiO2 coatings in this complicated dynamic process. In addition, we 
will discuss briefly on how the lithiation of SiO2 affects mechanical instability in a SiO2-
coated c-Si nanowire. 
Figure 5.3 presents the in-situ TEM experimental results of lithiation in a SiO2-
coated Si nanowire with a 7nm surface coating layer. The initial diameter of the pristine 
Si core in the nanowire is 110nm. Figure 5.3 (a) – (b) shows the morphological evolution 
of the nanowire during lithiation. Figure 5.3 (c) is the close-up view of the 7nm SiO2 
coating (marked by red lines and arrows). Figure 5.3 (d) plots the time evolution of 
coating thickness during lithiation. The figure shows the coating thickness first increases 
until it reaches a maximum, and then gradually decreases. Such evolution of thickness 
can be attributed to a competition between two processes: (1) volume expansion of the 
coating layer induced by the lithiation of SiO2; and (2) thinning of the coating layer due 
to a push-out effect of lithiated Si [17, 115]. The trend of the coating thickness can be 
divided into two stages. The first stage, in which the thickness increases until it reaches 
the maximum, is dominated by lithiation-induced volume expansion in the coating layer. 
The second stage, in which the thickness decreases, is due to mechanical-deformation-
induced thinning. Detailed analysis of volume changes (as shown in Figure 5.4 (b)) 
indicates that in the first stage Si and SiO2 are lithiated concurrently, while in the second 
stage the volume of the coating layer no longer changes, suggesting the coating is fully 




undergoes purely mechanical deformation, which is caused by the push-out effect arising 
from the volume expansion of the Si core. 
 
Figure 5.3 Lithiation of a SiO2-coated Si nanowire with a 7nm-thick 
coating. (a) A pristine SiO2-coated Si nanowire with a 7nm coating. (b) 
The nanowire is partially-lithiated because of a self-limiting effect [23]. (c) 
Close-up view of the coating layer (marked by red lines and arrows). (d) 
Plot of the coating thickness versus lithiation time. The coating thickness 
first increases until it reaches a maximum, and then gradually decreases. 
Such trend in thickness suggests that the lithiation of the SiO2 coating, the 
lithiation of Si, and pure mechanical deformation in the coating layer 
occur concurrently. 
We then simulate the lithiation of this SiO2-coated Si nanowire using the chemo-
























































































ijij   , where 
c
ij   is the chemical 
strain induced by Li insertion under a stress-free condition and 
e
ij  and 
p
ij  are the elastic 
and plastic strain caused by lithiation-induced mechanical deformation. Lithiation in c-Si 
and SiO2 are assumed reaction-control and diffusion-control, respectively. Figure 5.4 (a) 
– (b) presents a comparison between modeling and experimental results on the 
geometrical evolution of the SiO2-coated Si nanowire (Figure 5.3). The modeling results 
capture the concurrent lithiation processes in Si and SiO2 in the first stage, as well as the 
thinning of the coating layer in the second stage. Simulation results show a tensile hoop 
strain of ~ 0.3 in the 7nm coating. Since there is no crack observed in the 7nm coating 
layer under the applied potential in the TEM experiments, this large tensile strain 
indicates that the fully-lithiated SiO2 coating layer is highly ductile. Such ductile 
behavior can be attributed to a lithiation-induced metallic bonding environment [51]. The 
ductility, together with the size effect in thin coatings [17, 160], could be a reason for the 





Figure 5.4 Geometrical evolution of a SiO2-coated Si nanowire with a 
7nm-thick coating. (a) SiO2 volume expansion versus Si volume 
expansion. (b) Evolution of coating thickness versus Si volume expansion. 
(Black markers represent experimental measurements; red lines represent 
modeling results.) 
In contrast to the nanowire with a 7nm coating, SiO2-coated Si nanowires with a 
11nm coating, in which the pristine Si core also has an initial diameter of 110nm, exhibit 
different lithiation phenomena. Figure 5.5 shows the geometrical evolution of a SiO2-
coated <111>-oriented c-Si nanowire with a 11nm coating. The geometrical evolution 
indicates that lithiation in the Si core stops at an earlier stage due to a stronger self-
limiting effect [23], compared to that in the nanowire with a 7nm coating. In addition, the 
volume of the SiO2 coating layer increases in the entire lithiation process of the nanowire. 
The dynamic lithiation process in the nanowire with a 11nm coating is different from that 
in the nanowire with a 7nm coating. Such a difference is mainly attributed to a relatively 
longer Li diffusion path in a 11nm coating. 
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Figure 5.5 Geometrical evolution of a SiO2-coated Si nanowire with a 
11nm-thick coating. (a) SiO2 volume expansion versus Si volume 
expansion. (Black markers represent experimental measurements; red lines 
represent modeling results.) 
Another phenomenon in the lithiation of the nanowire with a 11nm coating, which 
is not observed for the nanowire with a 7nm coating, is lithiation-induced local fracture in 
the surface coating. The local fracture occurs at an early stage of the lithiation, indicating 
the 11nm coating cannot maintain structural integrity even at a relatively small tensile 
hoop strain. This fragility of coating at the early stage of lithiation is mainly due to the 
brittle nature of poorly-lithiated SiO2. A lithiation-induced brittle-to-ductile transition in 
lithiated Si alloys has been reported [46, 51, 112]. The evolution of fracture properties is 
caused by lithiation-induced changes in atomic bonding environment, as explained in 
Chapter 2. This work indicates that a lithiation-induced brittle-to-ductile transition also 
exists in lithiated SiO2. 




















































We have applied the chemo-mechanical model developed in Chapter 4 to the 
study of electrochemical-reaction-induced structural and property evolutions in 
nanostructured multilayer electrodes. First, we present modeling studies of sodiation-
induced structural changes in hollow bilayer CNFs. The modeling results show that the 
anisotropic sodiation-induced strain in d-C layers is a key factor for an unexpected 
shrinkage of the inner tube. Longitudinal cracks, which are frequently observed near the 
c-C/d-C interface after sodiation, are attributed to sodiation-induced shearing between c-
C and d-C layers. Our modeling studies are tightly coupled with in-situ TEM results and 
provide critical insights into the degradation mechanisms of carbon-based anodes for 
NIBs. Second, we investigate the lithiation of SiO2-coated Si nanowires with different 
coating thicknesses. Si and SiO2 are lithiated concurrently, and the lithiation rates in these 
two materials are different. Thus, the lithiation of these SiO2-coated Si nanowires is a 
complicated dynamic process. This dynamic process involves two competitions. One 
competition is between lithiation-induced volume expansion of the SiO2 coating and 
thinning of the coating due to a push-out effect from lithiation in Si. The other 
competition is between the lithiation-induced evolution of fracture properties and 
mechanically-driven fracture in the surface coating. This work suggests that 7nm is an 
optimal coating thickness to maintain structural integrity. The results of this work provide 
an understanding of electrochemical lithiation in nanostructured electrodes coated with 





6 CONCLUSIONS AND RECOMMENDED FUTURE 
RESEARCH 
6.1 Significance of Contributions 
This thesis presents multi-physics studies on the chemo-mechanics of high-
performance battery electrode materials using both atomistic and continuum modeling. 
The modeling studies are integrated with in-situ TEM experimental characterizations. 
The main results and contributions are summarized below. 
 Mechanical behavior of lithiated materials 
This work investigates the mechanical behavior of lithiated materials using an 
approach combining atomistic modeling, continuum modeling and experimental 
characterization. The results elucidate the mechanistic underpinnings for the 
evolution of the mechanical behavior of lithiated alloys induced by 
electrochemical lithiation in terms of the nature of atomic bonding. Our 
quantitative characterization and mechanistic understanding of the mechanical 
behavior of electrochemically lithiated Si alloys represent a critical step toward 
the rational design of durable Si-based electrodes. Broadly, our modeling 
approach integrated with experiments can be applied to the mechanical 
characterization of a wide range of electrochemically active materials for energy 
storage and conversion applications. 




This work develops physical-based models at both the continuum and atomistic 
levels for simulating multiple physics processes in high-capacity electrodes 
during electrochemical lithiation. The modeling studies incorporate key features 
observed from in-situ TEM experiments to gain unprecedented mechanistic 
insights into electrochemically-driven structural evolution and damage processes 
in the electrodes. The studies also provide a transparent mechanics foundation for 
investigating lithiation-induced stress generation and failures in materials with 
multi-phase microstructures. The physical models developed provide a mechanics 
basis for further studying a wide range of lithiation-related phenomena. 
The main results of this thesis have been presented in a series of publications: Ref. 
[23, 56, 58, 83, 115, 145, 158]. 
6.2 Recommended Future Research 
Understanding the mechanical behavior of advanced energy-storage materials is 
essential to realizing their extraordinary functions in structural and device applications. 
However, the complexity in the mechanical behavior of the materials, especially under 
extreme conditions, poses significant challenges for the mechanics research. To meet 
these challenges, potential future research could focus on the modeling and simulation of 
mechanics-related phenomena in the materials by integrating solid mechanics, materials 
physics, and high performance computing at multiple length and time scales. The goals of 
the research include: (1) to understand the mechanical behavior and degradation 




predicting the material properties, and (3) to guide the design of new materials with 
tailored and unprecedented properties. 
Intensive research on Li-ion electrodes is currently underway to seek new 
materials and architectures with outstanding performance, such as meso-scale structures, 
3D architectures of nanomaterials, nanoporous materials, and heterostructured 
nanocomposites. These materials are promising alternatives to currently used electrodes 
owing to their extraordinary properties, such as facile strain relaxation, superior rate, 
capacity and cyclability. However, the chemo-mechanical degradation mechanisms of 
these new materials are largely unknown. The objective of potential future research could 
be to understand and predict the chemo-mechanical behavior of these battery materials 
using a mechanics-based approach. The overarching goal is to guide materials design of 
high performance energy storage systems. Future research could involve (1) investigation 
of the chemo-mechanical behavior of these novel materials and architectures by 
synergistically integrating the multi-scale/multi-physics modeling with experiments; (2) 
understanding of deformation, fracture and failure mechanisms in the materials during 
electrochemical cycling. The modeling studies will take into account the effects of 
characteristic structures and chemo-mechanical behavior at different length scales. The 
capabilities and tools developed through the above research can be broadly applied to 
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